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Abstract
On-shell Pauli-Villars regularization of the one-loop divergences of supergravity theories is
used to study the anomaly structure of supergravity and the cancellation of field theory anoma-
lies under a U(1) gauge transformation and under the T-duality group of modular transfor-
mations in effective supergravity theories with three Ka¨hler moduli T i obtained from orbifold
compactification of the weakly coupled heterotic string. This procedure requires constraints
on the chiral matter representations of the gauge group that are consistent with known results
from orbifold compactifications. Pauli-Villars regulator fields allow for the cancellation of all
quadratic and logarithmic divergences, as well as most linear divergences. If all linear diver-
gences were canceled, the theory would be anomaly free, with noninvariance of the action arising
only from Pauli-Villars masses. However there are linear divergences associated with nonrenor-
malizable gravitino/gaugino interactions that cannot be canceled by PV fields. The resulting
chiral anomaly forms a supermultiplet with the corresponding conformal anomaly, provided the
ultraviolet cut-off has the appropriate field dependence, in which case total derivative terms,
such as Gauss-Bonnet, do not drop out from the effective action. The anomalies can be partially
canceled by the four-dimensional version of the Green-Schwarz mechanism, but additional coun-
terterms, and/or a more elaborate set of Pauli-Villars fields and couplings, are needed to cancel
the full anomaly, including D-term contributions to the conformal anomaly that are nonlinear
in the parameters of the anomalous transformations.
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1 Introduction
It has been shown [1]–[3] that on-shell Pauli-Villars (PV) regularization of one-loop quadratic
and logarithmic ultraviolet divergences in general N = 1 supergravity [4, 5] is possible, subject to
constraints on the matter representations of the gauge group that are consistent with the spectra
found, for example in orbifold compactifications. Supergravity derived from weakly coupled string
theory typically has classical symmetries that are broken at the quantum level by conformal and
chiral anomalies which arise, respectively, from logarithmic and linear divergences in the light field
loops. If they can be canceled by PV loops in the regulated theory, the remaining noninvariance
under the classical symmetries arises from the noninvariance of the PV mass terms, provided
all other PV couplings are invariant. In this paper we investigate the anomaly structure and
anomaly cancellation in a class of ZN orbifolds with just three “diagonal” Ka¨hler moduli T
I = T II
(I = 1, 2, 3).
The anomalous symmetries that we consider are the target space duality transformations, here-
after referred to as modular transformations, and a gauge transformation under an Abelian gauge
group, hereafter referred to as U(1)X . These symmetries are perturbatively unbroken [6] in the
underlying string theory and therefore must be canceled by some combination of loop contributions
from heavy string and Kaluza-Klein modes (“string threshold corrections”) and of counterterms,
including a four-dimensional version of the Green-Schwarz (GS) mechanism [7]. The anomaly can-
celing contributions to the Yang-Mills (YM) Lagrangian have been determined for large classes of
orbifolds (including the ZN orbifolds considered here) by matching field theory and string loop
calculations [8]–[13]. More recently, a string theory analysis [14] of a limited class of ZN heterotic
orbifolds found cancellation of all anomalies through a universal GS mechanism. Here we approach
the same problem from the point of view of the effective four dimensional supergravity theory [15].
In the following section we define our notation and display the ultraviolet divergent part of the low
energy effective Lagrangian obtained from light particle loops [16]–[18] in the form of superfield
operators that will be convenient for the subsequent analysis. In Section 3 we will use the results
of [2] and [3], hereafter referred to as I and II, respectively, to construct invariant couplings of PV
supermultiplets needed to cancel the light loop divergences. Mechanisms for anomaly cancellation
and constraints on PV masses will be discussed in Section 4, and the explicit form of the anomalies
will be displayed in Section 5. Our results are summarized in Section 6.
Some calculational details are presented in a series of appendices. As discussed below, requiring
the cancellation of quadratic and logarithmic UV divergences that were identified in [16]–[18] does
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not uniquely fix the couplings of the PV sector. In Appendix A we derive additional constraints
that assure the cancellation of almost all linear divergences. While the constraints from the re-
quirement of cancellation of (on-shell) quadratic divergences automatically assures the cancellation
of the chiral Ka¨hler anomaly arising from the fermion spin connection, there is a residual linear di-
vergence associated with the affine connection of the gravitino. In addition there is an off-diagonal
gravitino/gaugino connection that has no counterpart in the PV sector. The corresponding contri-
butions to the chiral anomaly must have supersymmetric counterparts; these can be obtained by
introducing a field-dependent UV cut-off
Λ = µ0e
K/4, (1.1)
where µ0 is a constant parameter that may be set to infinity at the end of the one-loop calculation,
and K is the Ka¨hler potential of the light field theory. This has only the effect that total derivatives
with nonvanishing coefficients of ln Λ do not drop out of the S-matrix elements of the regulated
theory. Once these procedures have been implemented we recover the standard form of the anomaly
coefficients of the Yang-Mills and curvature field strengths as well as agreement with string theory
results. However the anomalous coefficients of operators that themselves depend on the modular
weights of the light fields depend on details of the PV regularization procedure, and are not uniquely
fixed by the cancellation of ultraviolet divergences.
In Appendix B we calculate the chiral anomaly for a general supergravity theory. As has been re-
cently emphasized [19], in supergravity the fermion connections and corresponding field strengths
contain many more operators than the Yang-Mills [8]–[13] and space-time curvature [20]-[22] terms
that have been studied previously in the context of anomaly cancellation. These additional op-
erators include [21, 16, 17] the Ka¨hler U(1)K connection for all fermions, the reparameterization
connection for chiral fermions, an axion coupling in the gaugino connection and a (matrix-valued)
connection [17] linear in the Yang-Mills field strength in the gaugino-gravitino sector.1 In addition,
besides the spin connection common to all fermions, the gravitino connection includes a term pro-
portional to the affine connection, and the gauginos have an additional connection that involves
the dilaton and its axionic superpartner. The anomaly is ill defined in an unregulated theory. The
authors of Ref. [19] study supergravity theories in which a subgroup of the invariance group of
the Ka¨hler metric (group of modular transformations) is gauged. They use consistency conditions
analogous to those used to obtain the “consistent anomaly” [25]–[27] for Yang-Mills theories. They
1In supergravity without a GS term to cancel the U(1)X anomaly, there is an additional connection [23] which
must also be included [19, 24].
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also note that some of the operators in their expression can be removed by counter terms [19].
Here we are working with a regulated theory in which the ambiguity is removed, except for those
terms for which a linear divergence remains. The squared field strength GµνGµν corresponding to
the full fermion connection appears in the coefficient of ln Λ. It combines with other contributions
from both light and PV loops to cancel the UV divergence, up to a total derivative. Part of the
conformal anomaly, including the standard Yang-Mills term and part of the curvature term, is
determined by the field-dependence of the PV masses in such a way that it combines with the part
of the chiral anomaly arising from PV masses to form a superfield. The remainder of the confor-
mal anomaly arises from the residual total derivative logarithmic divergence mentioned above, and
combines with the part of the chiral anomaly associated with the residual linear divergence to form
a superfield, provided the cut-off has the correct field-dependence. Specifically, the choice (1.1) as-
sures a supersymmetric result for the full anomaly coefficient of the curvature field strength term.
When combined with the PV contribution we recover an anomaly coefficient that is consistent with
string loop calculations [20]. Similarly, the chiral anomaly associated with the off-diagonal gaugino-
gravitino connection, which depends on the Yang-Mills field strength, forms a supermultiplet with
a contribution to the conformal anomaly from a total derivative in the coefficient of ln Λ, when the
field-dependence of the cut-off (1.1) is included. This contribution to the anomaly is canceled by a
PV loop contribution for a particular choice of the relevant PV mass ratio.
In the absence of linear divergences, the chiral anomaly arises solely from the noninvariance of
PV masses. In Appendix B.2 we sketch how this may be demonstrated by comparing the direct
chiral anomaly calculation with an indirect method which assumes that no linear divergences are
present. We also show that under appropriate assumptions the “consistent anomaly” [25]–[27] is
recovered. As described in [1]–[3], and reviewed in Section 3 below, all the quadratic and logarithmic
UV divergences of supergravity can be regulated with PV fields in chiral supermultiplets and
Abelian vector supermultiplets. The Abelian vector fields acquire U(1)X and modular invariant
masses through the superhiggs mechanism and do not contribute to the anomaly, except for a
contribution, mentioned above, that cancels the gravitino-gaugino mixed loop contribution. As a
consequence, the part of the PV sector relevant to the bulk of the anomaly does not contain any
connections associated with the nonrenormalizable couplings of the gravitino-gaugino sector, and
the only field strength bilinears that appear in their contribution to the anomaly coefficient are
those associated with the spin connection, the YM gauge connection, the U(1)K connection and the
scalar reparameterization connections associated with the Ka¨hler metric for PV chiral superfields.
As shown in Appendix C, the latter can be chosen such that PV fields with noninvariant masses
3
have very simple reparameterization connections.
In the case of an anomalous Yang-Mills theory with constant PV masses, the anomaly is uniquely
determined, as illustrated in Appendix B.2 by the standard result (B.58). However in PV regulated
supergravity, some PV masses are necessarily field dependent, and there is considerable leeway in
the choice of these masses, which can only be fixed by a detailed knowledge of string/Planck scale
physics. As explained in Section 4.1, the QFT anomaly cannot be completely removed, even in
the absence of linear divergences. Terms linear in gauge charges and modular weights are fixed by
the requirement that quadratic divergences cancel; this uniquely fixes the PV contribution to the
coefficient of rµνρσ r˜
µνρσ as given in (C.43), but terms cubic in these parameters are not fixed by the
requirement of cancellation of quadratic (or logarithmic) UV divergences. However the expansion of
the parity odd part of the fermion determinant [see (B.1)], given explicitly in [17], has, in addition
to a linear divergence proportional to TrA that generates an rµνρσ r˜
µνρσ term in the anomaly, a
linear divergence proportional to TrA3, where A is the axial current in the fermion connection.
This contains the U(1)K connection as well as the (symmetric) YM gauge connections and the
(axial part of the) scalar reparameterization connections for chiral fermions.2 Requiring that this
linear divergence vanish imposes cubic constraints, but as mentioned above, does not completely
determine the anomaly.
In Appendix C we consider simple parameterizations of the PV sector that are motivated by physical
considerations, and are consistent with perturbative modular invariance of the Ka¨hler potential
and cancellation of quadratic and logarithmic UV divergences, as well as cancellation of all linear
divergences from chiral multiplet loops. Under these assumptions we calculate the bosonic part of
the variation of the Lagrangian under a variation of the noninvariant PV masses. We then identify
the corresponding anomaly superfields and compare them with operators that could potentially
cancel anomalies in a generalized GS term; these include a generalization to Ka¨hler superspace
of the (F-term) operator found in Ref. [22] for the case of pure supergravity, as well as new D-
term operators [15], that can be inferred [29] by first working in conformal supergravity and then
gauge-fixing to Ka¨hler superspace supergravity which we use in this paper.
In order to evaluate the anomaly coefficients for specific orbifold models, in Appendix D we con-
struct simple examples of PV sectors that can be used to regularize the matter sector in such
a way that those PV fields that contribute to the renormalization of the Ka¨hler potential have
2As in any regularization procedure, the definition of γ5 is a priori ambiguous; as discussed in [1]–[3] the sep-
aration into “vector” and “axial” currents is dictated by the finiteness requirement and nonrenormalization of the
θ-parameter [28].
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modular and U(1)X invariant masses. Implementation of the GS anomaly cancellation mechanism
for the F-term imposes constraints on the modular weights and gauge charges. Cancellation of
UV divergences assures that some of these constraints are satisfied, but terms nonlinear in the
charges under the anomalous symmetries are not completely determined by finiteness conditions
and depend on the specifics of the PV spectrum and couplings. The simple procedure adopted in
Appendix C and Appendix D is not sufficient to assure the factorization needed for implementation
of anomaly cancellation by a universal GS term.3 In addition, some D-term anomaly operators are
nonlinear in the parameters of the anomalous transformations and cannot obviously be canceled by
a straightforward generalization of the standard four dimensional GS term; it is possible that the
additional counterterms that may be needed could correspond to 4-d remnants of the conformal
analogue of the 10-d GS [7] term that cancels the 10-d chiral anomaly.
The construction of the GS term is discussed in Appendix E, and our notations and conventions
are summarized in Appendix F.
2 One-Loop On-Shell Ultraviolet Divergences
In this paper we consider supergravity theories with classical Ka¨hler potential K, superpotential
W and gauge kinetic function f given by
K(Z, Z¯) = − ln(S + S¯) +G(T + T¯ ,Φ, Φ¯) = k +G, W (Z) =W (T,Φ),
fab(Z) = δabS, S| = δab(x+ iy), (2.1)
which are the classical functions found in string compactifications with affine level one.4 S is the
dilaton superfield in the chiral formulation used here, T i are the moduli chiral superfields, and Φa
are superfields for gauge-charged matter.
The ultraviolet divergent part of the one-loop corrected bosonic supergravity Lagrangian was calcu-
lated in [16]-[18]. As shown in II, the result for the logarithmically divergent part can be interpreted
as the bosonic part of a superfield expression. After a Weyl redefinition to put the Einstein term
in canonical form, one obtains
Leff = L (g,KR) +√g ln Λ
2
32π2
(LD + LF ) + LQ, (2.2)
3The difficulty of obtaining factorization in a direct field theory approach was noted in [14].
4The results can be generalized to higher affine level with fab = δabkaf, ka = constant, by making the substitutions
F aµν → k
1
2
a F
a
µν , A
a
µ → k
1
2
a A
a
µ, T
a → k
− 1
2
a T
a.
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where L(g,K) is the standard Lagrangian [4, 5] for N = 1 supergravity coupled to matter with
space-time metric gµν , Ka¨hler potential K and superpotential W . If NG is the dimension of the
gauge group, the renormalized Ka¨hler potential KR is given by
5
KR = K +
lnΛ2
32π2
[
e−KAijA¯
ij − 2Vˆ + (NG − 10)M2 − 4Kaa − 16D
]
,
Kab =
1
x
(T az)i(Tbz¯)
m¯Kim¯, A = e
KW = A¯†, Aij = DiDjA, (2.3)
where V = Vˆ +D is the classical scalar potential with
Vˆ = e−KAiA¯
i − 3M2, Ai = DiA, D = (2x)−1DaDa,
Da = Ki(Taz)i, M2 = e−KAA¯, (2.4)
where M2 is the field-dependent squared gravitino mass, and Di is the scalar field reparameteriza-
tion covariant derivative:
Ai = ∂iA, Aij = ∂i∂jA− Γkij∂kA, . . . (2.5)
Scalar indices are lowered and raised with the Ka¨hler metric Kim¯ and its inverse K
im¯. In the
Ka¨hler U(1) superspace formulation [5] of supergravity, which we use throughout, a general “F-
term” Lagrangian takes the form
LF = L(Φ) =
1
2
∫
d4θ
E
R
Φ+ h.c., (2.6)
where Φ is a chiral superfield of Ka¨hler U(1) weight w(Φ) = 2, and a general “D-term” Lagrangian
has the form
LD = L(φ) =
∫
d4θEφ = − 1
16
∫
d4θ
E
R
(D¯2 − 8R)φ+ h.c., (2.7)
with φ a real superfield of Ka¨hler weight w(φ) = 0. These contributions to (2.2) are given by6
Φ = Φ1 +Φ2 +
3
2
CaΦ
a
Y M +
1
36
ΦX (N − 9NG − 79) + 1
6
ΦW (41 +N − 3NG) +NGΦ′g,
ΦX = X
βXβ, ΦW =W
αβγWαβγ , Φ
a
YM =W
α
a W
a
α ,
Φ1 = −1
2
(
CMa Φ
a
YM + Γ
iα
j
[
Γjiα + 2(Ta)
j
iW
a
α
])
,
Φ2 =
1
3
Xα
[
Γα + 2(Ta)
i
iW
a
α
]
, Γα = Γ
i
iα. (2.8)
5We denote by zi = Zi
∣∣ the lowest (scalar) components of the light chiral superfields Zi.
6The signs of the ΦaYM terms were inadvertently flipped in transcribing the results of I to II. In addition, the sign
of Wab as defined in I is incorrect, as is the sign of (A12) (see Appendix E). Here we have normalized some of the
operators differently from those in II: ΦYM|here = 4 ΦYM|II , ΦW |here = 6 ΦW |II , ΦX |here = −2 Φα|II .
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for the F-terms with N the number of chiral supermultiplets Zi = S, T,Φ, and
φ = φ3 − 4φW − 4φWk + 8φˆ0 + φ′0 +NGφ′g +
1
2
φχ (41 +N + 9NG) ,
φ3 =
1
2
Rαk lα R
β˙
kβ˙l
+
(
Rαk lα e
−K/2Akl + h.c.
)
, φ′0 = 3iW
α
a W
β˙aDαβ˙(S − S¯)
φχ =
1
3
(
Gβ˙αG
αβ˙ − 4RR¯
)
, φˆ0 = K
αβ˙Kαβ˙ − 4RR¯,
φWa
b
=
x2
4
Wαa W
b
αW
a
β˙
W β˙b , φWk =
1
8x
Wαa DαSW aβ˙Dβ˙S¯, (2.9)
for the D-terms, where we used the on-shell relation
Gαβ˙ = Kαβ˙ −
x
2
WαWβ˙ (2.10)
to simplify the expression for φχ given in (2.15) of II, and rewrote the “F-term” contribution Φ
′
0 of
that paper as the “D-term” contribution φ′0. Here x is understood as the superfield
1
2(S + S¯), and
Gαβ˙ and R = R¯
† are auxiliary fields [5] of the supergravity supermultiplet. The chiral superfield
W aα is the Yang-Mills superfield strength, with a a gauge index, and L(ΦYM ) gives the standard
gauge charge renormalization. Ca and C
M
a are the quadratic Casimirs in the adjoint and matter
representations, respectively, of the gauge subgroup Ga:
Tr(TaTb)adj = δabCa, Tr(TaTb)matter = δabC
M
a , (2.11)
with Ta a generator of Ga and Tb any generator. Wαβγ is the Weyl chiral superfield [5], and L(ΦW )
contains the Gauss-Bonnet (GB) term and the pseudoscalar operator that is bilinear in the Riemann
tensor; its explicit expression is given by (E.4) (with H(Z) = 1). The other chiral superfields in
(2.8) are constructed from superfields of the general form
Tα = −1
8
(Dα˙Dα˙ − 8R) Tˆα, Tˆα = TiDαZi, (2.12)
where Ti(Z, Z¯) is any (tensor-valued) zero-weight function of the chiral and anti-chiral superfields
Zi and Z¯ ı¯, respectively. In particular, the chiral superfield
Kα = Xα = −1
8
(Dα˙Dα˙ − 8R)DαK, (2.13)
was introduced in [5]; the lowest component of its spinorial derivative −12DαXα| is the kinetic term
for matter fields in the classical Lagrangian. For the D-terms we further introduced the zero-weight
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real superfields
Tαβ˙
αβ˙
=
1
16
DαZiDαZjDβ˙Z¯m¯Dβ˙Z¯ n¯Tijm¯n¯,
Tαβ˙ =
1
4
DαZiDβ˙Z¯m¯Tim¯, Tαα =
1
2
DαZiDαZjTij + h.c. (2.14)
Thus φ3 is constructed from the Riemann tensor
Rijkm¯ = K
in¯Rn¯jkm¯ = Dm¯Γ
i
jk (2.15)
associated with the Ka¨hler metric. As discussed7 in II, the superfields Φ′g, φ
′
g are equivalent–up to
terms that vanish on shell–to linear combinations of the the generic operators introduced above
and D-terms that involve supergravity superfields: Gαβ˙Kss¯DαSDβ˙S¯, . . .. As shown in Appendix
C of II, these terms must be exactly canceled by PV Abelian gauge multiplets that couple to the
dilaton. In the string-derived models considered here and in II, the masses of these PV fields are
invariant under T-duality and the anomalous U(1), and therefore do not contribute to the field
theory anomalies.
The various terms in the bosonic part of (2.2) are given in component form in I and II, where
total derivatives (such as the GB term) were dropped. These terms cannot be dropped if, after
regularization, the constant cut-off is replaced by a field-dependent PV mass that plays the role
of effective cut-off (or if the cut-off itself is field-dependent). All terms relevant to the anomaly
structure and anomaly cancellation will be included in Sections 5.
The quadratically divergent part LQ of (2.2)
LQ = −√g Λ
2
32π2
[
1
2
(3 +NG −N) DαXα|+
(
Vˆ +M2
)
(7 + 3NG −N)
+NG Dαkα|+ DαΓα|+ 2
x
DaTrT a
]
+ fermion terms (2.16)
can be interpreted as a further renormalization of the Ka¨hler potential KQ only after regulariza-
tion [1, 2]; KQ is governed by the PV squared masses.
3 Invariant PV Regularization
In this section we construct gauge and modular invariant PV couplings to light fields that are
needed to cancel the ultraviolet divergences from light field loops in the theory defined by (2.1).
7In the expression (2.2) of II, L′g = L(Φ
′
g) + L(φ
′
g).
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3.1 Chiral multiplet loops
To regulate the loops arising from dimension-four operators involving only chiral supermultiplets
Zi, we need to introduce at least one set of PV chiral superfields Z˙I with negative metric and
the same gauge charges, Ka¨hler metric, and quadratic superpotential couplings as the light chiral
multiplets. This assures cancellation of the ultraviolet divergences associated with Φ1 and Φ2 in
(2.8), and DαΓα| in (2.16). Since the dilaton does not have a classical superpotential, and its
Ka¨hler metric is easily reproduced, we concentrate in this subsection on the chiral supermultiplets
Zp = T i,Φa and their PV counterparts Z˙P = Z˙I , Z˙A:
KZ˙0 =
∑
P,Q=p,q
{
Kpq¯Z˙
P ˙¯Z
Q¯
+
1
2
[
(∂p∂qK −KpKq) Z˙P Z˙Q + h.c.
]}
,
W Z˙02 =
1
2
∑
P,Q=p,q
Z˙P Z˙QWpq, (3.1)
where the subscript 2 on W02 signals the presence of a further contribution: we will denote by W1
the part of the PV superpotential that gives PV fields order Planck scale masses and that will be
constructed explicitly in Section 4.2. From (3.1) it is straightforward to determine that [2]
RZ˙Im¯Jn¯ = Rim¯jn¯ +Kim¯Kjn¯ +Kim¯Kjn¯, A
Z˙
IJ = Aij , A¯
IJ
Z˙
= A¯ij ,
RZ˙Im¯Jn¯
(
RZ˙
)I J
k ℓ
= Rim¯jn¯R
i j
k ℓ + 4Rkm¯ℓn¯ + 2 (Kkm¯Kℓn¯ +Kℓm¯Kkn¯) ,
AZ˙IJ A¯
IJ
Z˙
= AijA¯
ij, RZ˙Im¯Jn¯A¯
IJ
Z˙
= Rim¯jn¯A¯
ij + 2A¯m¯n¯, (3.2)
assuring [2] cancellation of the divergences arising from the first term in brackets in (2.3) and from
φ3 in (2.9). The couplings in (3.1) are gauge invariant, provided Z˙
P transforms the same way
as Z˙p under gauge transformations. Now consider a chiral field redefinition that effects a Ka¨hler
transformation
Zp → Z ′p, K → K ′ = K(Z ′, Z¯ ′) = K + F (Z) + F¯ (Z ′),
W → W ′ =W (Z ′) = e−FW, dZ ′p =Mpq dZq, Mpq =
∂Z ′p
∂Zq
. (3.3)
The part of (3.1) involving the PV Ka¨hler metric KPQ¯ = Kpq¯ is invariant under (3.3) provided
Z˙P → Z˙ ′P =Mpq Z˙Q, (3.4)
but the other terms are not. Nevertheless the matrix elements (3.2) are covariant, depending only
on the covariant scalar Riemann tensor and on the covariant holomorphic scalar derivatives of the
Ka¨hler covariant operator
A = eKW, A′ = eF¯A, A′p = e
F¯Ap, etc. (3.5)
This suggests that (3.1) can be made invariant without modifying (3.2). For example, if we intro-
duce uncharged fields Z˙N and add to (3.1) expressions of the form
∆KZ˙ =
∑
N
ρN ∑
P=p
KpZ˙
P Z˙N +
1
2
ρ′N
(
Z˙N
)2
+ h.c.
 ,
∆W Z˙2 =
∑
N
ρN ∑
P=p
WpZ˙
P Z˙N − 1
2
ρ′N
(
Z˙N
)2
W
 , (3.6)
where ρ, ρ′ are constants, the one-loop corrections to KR and φ3 are unchanged:
APN = Rn¯PNm¯ = ANM = Rn¯NMm¯ = 0. (3.7)
This trick was used in II to construct an explicitly invariant (covariant) expression for KZ˙ (W Z˙2 ) in
no-scale models with the special properties: Gpq ∝ GpGq, Gpq¯GpGq¯ = 3, φpWp = 3W . The general
covariance of (3.2) suggests that this should be possible in general modular invariant models, e.g.,
including the twisted sector in orbifold compactification. In general we have under (3.3)
K ′p = N
q
p (Kq + Fq) , K
′
pm¯ = N
k
pN
n¯
m¯Kkn¯, N =M
−1,
K ′pq = N
n
pN
m
q [Knm + Fmn −N lk (Kl + Fl) ∂nMkm], (3.8)
and
W ′p = e
−FN qp (Wq − FqW ) ,
W ′pq = e
−FNkpN
m
q [Wkm − FkWm − FmWk − (Fkm − FkFm)W
−N ln (Wl − Fl) ∂kMnm]. (3.9)
Restoring invariance/covariance of these expressions in the general case would be cumbersome at
best. For this reason, we restrict our attention to effective supergravity theories with three moduli
T i, that have some promising features for a viable phenomenology (see for example [30]). These
theories are classically invariant under the modular transformation:
T i → T ′i = aT
i − ib
icT i + d
, ad− bc = 1,
Φa → Φ′a = e−qai F iΦa = e−F aΦa, F i = ln (icT i + d) , (3.10)
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which effects the Ka¨hler transformation (3.3) with
F (Z) =
∑
i
F i(T i). (3.11)
The parameters qia are the modular weights of Φ
a. In the absence of a twisted sector potential
(Wi = 0), the classical invariance is SL(2,R) : a, b, c, d,∈ R. In the presence of a twisted sector
potential, this is broken to SL(2,Z) : a, b, c, d,∈ Z. We have
Mab = e
−F aδab , M
i
j = δ
i
je
−2F i , M ib = 0, M
a
j = −F aj e−F
a
Φa,
Nab = e
F aδab , N
i
j = δ
i
je
2F i , N ib = 0, N
a
j = F
a
j e
2F jΦa,
Fi ≡ Fti = F iti , Fij = −δijF 2i . (3.12)
Writing the superpotential W as a sum of monomials:
W =
∑
α
Wα, Wα = cα
Nα∏
n=1
Φa
∏
i
[η(iT i)]2(
∑
n q
q
i−1), (3.13)
where η(iT ) is the Dedekind function:
η(iT ′i) = e
1
2
F iη(iT i), (3.14)
the PV Ka¨hler potential and superpotential can be made modular invariant and covariant, respec-
tively, if we introduce three PV chiral superfields Z˙N that transform under (3.10) as
Z˙ ′N = Z˙N − a˙Fni Z˙I , (3.15)
and modify (3.1) follows:
KZ˙ = KZ˙0 − a˙−1
2 ∑
A,N=a,n
(1− qan) Z˙N Z˙AKa + 2
∑
I,M=i,m
(1− δim)KiZ˙I Z˙M
+a˙−1
∑
N,M=n,m
[δnm (1 + qn)− 1− qnm] Z˙N Z˙M + h.c.
 ,
W Z˙2 = W
Z˙
02 − 2a˙−1
∑
α;A,N=a,n
(1− qan) Z˙N Z˙AWαa − 2a˙−1
∑
α;I,M=i,m
(1− δim)Wαi Z˙I Z˙M
+a˙−2
∑
α;N,M=n,m
[δnm (1 + q
α
n)− 1− qαnm]WαZ˙N Z˙M ,
11
qi =
∑
a
qai φ
aKa, qij =
∑
a
qai q
a
j φ
aKa,
qαi =
∑
a
qai φ
a∂a lnW
α, qαij =
∑
a
qai q
a
jφ
a∂a lnW
α, (3.16)
which reduces to the result found in II for the untwisted sector: φa → φia, qiaj = δij . Note that
qαi , q
α
ij are constants, whereas qi, qij are not. Nevertheless we still get
APN = Rn¯PNm¯ = ANM = Rn¯NMm¯ = 0. (3.17)
so the one-loop corrections to KR and φ3 are unchanged, provided K
PQ¯ does not change. We must
also introduce a modular invariant Ka¨hler metric for Z˙N ; leaving KPQ¯ unchanged requires that it
be of the form
K(Z˙N ) =
∑
n=N,m=M
ξnm¯
Z˙N +∑
p=P
χnp Z˙
P
 ˙¯ZM¯ +∑
q=Q
χ¯m¯q¯
˙¯Z
Q¯
 , (3.18)
where the metric ξnm¯(Z
i, Z¯ ¯) is modular invariant and
χ′np (Z
′, Z¯ ′) = N qp
(
χnq (Z, Z¯) + a˙Fq
)
. (3.19)
As shown in Appendix D, for a general orbifold metric, this leads to unwanted contributions to
LQ and ΦPV1,2 unless ξnm¯ = δnm and χnp is holomorphic, e.g. χnp = 2a˙∂p ln η(iT n). Alternatively,
most of the unwanted terms can be canceled by including several copies of the above: Z˙ → Z˙α,
α = 1, . . . , 2nZ˙ + 1 with signatures η
Z˙
α and parameters a˙α such that∑
α
ηZ˙α = −1,
∑
α
ηZ˙α a˙
2
α =
∑
α
ηZ˙α a˙
4
α = 0. (3.20)
Only one of these with negative metric need have the superpotential and additional Ka¨hler potential
couplings in (3.16) required to regulate the Ka¨hler potential corrections and φ3. Then the only
remaining unwanted contribution is from the curvature terms associated with the metric ξnm¯, which
vanish if this metric is flat, or can be canceled by the introduction of additional gauge-singlet chiral
PV multiplets with positive signature and just the metric ξnm¯. The correct procedure cannot be
determined without further knowledge of the string loop corrections, and/or higher order terms
in the classical twisted sector metric. We will consider only the case ξnm¯ = δnm, with just a few
simple choices for χnp .
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3.2 Gauge couplings
To regulate light gauge field loops, we must introduce at least three Pauli-Villars chiral supermul-
tiplets ϕa, ϕ˜a, ϕˆa, with positive signature, that transform according to the adjoint representation
of the gauge group. Their contributions cancel the term proportional to Ca in (2.8). To cancel
the divergences associated with the term proportional to Kaa in (2.3), we need at least one chiral
supermultiplet ŶP that transforms according to the representation of the gauge group conjugate to
that of ZP , with positive signature, and superpotential coupling [2]
W φ2 = 2ϕ
aŶP (TaZ)
p, (3.21)
which is modular covariant if under (3.10) ŶP and ϕ
a transforms as
Ŷ ′P = N
q
p ŶQ, ϕ
′a = e−Fϕa. (3.22)
Then the Ka¨hler potentials
K Ŷ0 =
∑
P,Q=p,q
Kpq¯ŶP
̂¯Y Q¯, Kϕ = eG∑
a
|ϕa|2 (3.23)
are gauge and modular invariant, and
AŶ ϕPa = 2e
K(Taz)
p, A¯Pa
Ŷ ϕ
= 2e−G(T az¯)m¯Kpm¯, 2
∑
Pa
AŶ ϕPa A¯
Pa
Ŷ ϕ
= 4Kaa. (3.24)
However ŶP loops contribute terms proportional to Φ1,Φ2 and C
M
a ΦYM in (2.8), and DαΓα| in
(2.16). Therefore we must introduce a set Ŷ αP of such fields with signatures η
Ŷ
α such that
∑
α η
Ŷ
α = 0,
with at least one of these, say Ŷ 1P , η
Ŷ
1 = +1, participating in the coupling (3.21).
In order to introduce PV masses that are gauge invariant under the nonanomalous gauge group, we
have to introduce equal numbers of PV fields that transform like Zp and its conjugate representa-
tion. This requires that we also introduce additional charged PV fields UAβ and U
β
A that transform
according to the representation RaA and its conjugate, respectively, under the nonanomalous gauge
group factor Ga, and/or fields V Aβ that transform according to a (pseudo)real representation that
is traceless and anomaly-free. Their gauge couplings must satisfy∑
A∈U,V
ηAβ C
a
A = C
a
M , (3.25)
where
TrR
(
T aT b
)
= δabC
a
R, (3.26)
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which may imply a constraint on the matter representations of the gauge group in the light spec-
trum, as discussed in I. This constraint can be trivially satisfied for all U(1)’s. It is satisfied in
any supersymmetric extension of the Standard Model (SM). In addition to two Higgs doublets, its
minimal supersymmetric extension, the MSSM, has 2Nf fundamental representations (reps) n of
each factor Gn = SU(n), n = 2, 3, where Nf is the number of quark flavors. Their Casimirs can
be mimicked by Nf real PV reps (n + n¯). Further extensions necessarily involve real reps of the
SM gauge group, so that the additional states can get SM gauge invariant masses. The condition
(3.25) is also satisfied in the hidden sectors [31] that can accompany the SM-like ZN orbifolds found
in [30]. These hidden sectors also come in even numbers of reps + antireps, except for one hidden
sector that contain 3 16’s of SO(10) that contribute C
SO(10)
M = 6, which can be mimicked by a
real PV rep with 6 10’s, and another hidden sector with 3 (5 + 10)’s and 6 5¯’s of SU(5) with
C
SU(5)
M = 9, that can be mimicked by 9 real PV reps (5+ 5¯). Since the underlying theory is finite
when all degrees of freedom are included, one would expect (3.25) to have a solution for general
superstring compactifications.
3.3 Nonrenormalizable couplings
In order to cancel the term proportional to ApA¯
p in (2.3) we need a PV superpotential coupling of
the form [2]
W2 ∋W Ŷ2 =
∑
α
[
aˆαWpZ˜
P
α Ŷ
α
0 +WZ˜
P
α Ŷ
α
P
]
, (3.27)
where Z˜P , ŶP transform like Z
p, Z¯ p¯, respectively, under the gauge group, and (Gpq¯ ≡ Kpq¯, Zq 6= S)
KZ˜α =
∑
P,Q=p,q
Gpq¯Z˜
P
α
˜¯ZQ¯α ,
K Ŷα =
∑
P,J=p,j
Gpq¯Ŷ αP
̂¯Y αQ¯ − aˆα ∑
P=p
(
Ŷ αP
̂¯Y α0Gp + h.c.)+ |Ŷ α0 |2 [1 + aˆ2αGpGp] ,
ηŶα = η
Z˜
α , Nˆ =
∑
α
ηŶα = 0, G
p = Gpq¯Gq¯, G
pq¯Gq¯k = δ
p
k. (3.28)
The superpotential (3.27) is covariant and the Ka¨hler potential (3.28) are invariant under modular
transformations provided that under (3.3)
Ŷ ′αP = N
q
p
(
Ŷ αQ + aαFqŶ0
)
, Ŷ ′0 = Ŷ0, Z˜
′Q
α =M
q
p Z˜
P
α . (3.29)
The same form of the Ka¨hler potential is in fact needed for the PV fields ŶP that couple to ϕ
a in
(3.21) in order to cancel [2, 3] the term proportional to D in (2.3). We therefore generalize these
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to a subset of the Ŷα’s with the same signatures as a subset of ϕ
a
α, with the full set satisfying∑
α η
ϕ
α = 1, and take for the full superpotential W2
W2 = W
Z˙
2 +W
Ŷ
2 + 2
∑
α
gαϕ
a
1+αŶ
α
P (TaZ)
p + cαφ
S
αφ
α
SW, (3.30)
where φS , φS are gauge singlets needed to cancel dilaton loop contributions, with a Ka¨hler potential
KS =
∑
α
[
e−2k|φαS |2 + 2|φα0 |2 − e−k
(
φ¯αS¯φ
α
0 + h.c.
)
+ e2k|φSα|2
]
, (3.31)
that involves an additional chiral superfield φ0, analogous to Ŷ0; this field is also needed [see (3.33)]
to regulate dilaton couplings. The superpotential (3.30) is modular covariant and the Ka¨hler
potential (3.31) is modular invariant if the superfields φr = φS , φS , φ0 are modular invariant. Note
that because F (Z) is holomorphic and gauge invariant it satisfies
(T aZ)pFp = 0, (3.32)
so (3.21) remains modular covariant with the modification (3.28) of the Ka¨hler potential for ŶI .
To cancel the remaining divergences arising from nonrenormalizable couplings we introduce gauge
singlets φγ , as well as U(1) vector supermultiplets Vγ = V
0
γ , V
s
γ , with signatures η
0
γ , η
s
γ , respectively,
that form massive vector supermultiplets with chiral multiplets Φ0,sγ = eθ
0,s
γ of the same signature
and U(1)β charges qγδγβ. We also need additional chiral multiplets ϕ˜
α, ϕˆα in the adjoint represen-
tation of the low energy gauge group; one of these sets, ϕˆα, participates in the matrix-valued gauge
kinetic function that couples the PV superfield strengths W 0γ ,W
s
γ and the light gauge fields W
a to
one another in the Yang-Mills kinetic term:
fab = δab
(
S +
∑
α
hSαφ
S
αφ
α
0
)
, faγs = 0,
f0γβ = δγβ , f
s
γβ = δγβS, f
aγ
0 =
∑
β
eγβϕˆaβ. (3.33)
These couplings are modular invariant provided θγ and ϕˆ
a
α are modular invariant. The matrices
dαβ , eαβ , are nonvanishing only when they couple fields of the same signature. Including the fields
U, V , as well as additional chiral supermultiplets φγ needed to regulate gravity loops [1], the full
Ka¨hler potential takes the form
KPV =
∑
γ
[
1
2
fφγφ
γφ¯γ +
1
2
νγ(θγ + θ¯γ)
2 +
∑
A
(
fUAγ |UAγ |2 + fUγA|U
γ
A|2 + fV Aγ |V Aγ |2
)]
+
∑
α,a
(
eGϕaαϕ¯
α
a + e
kϕˆaα ˆ¯ϕ
α
a + ϕ˜
a
α
˜¯ϕ
α
a
)
+
∑
α
(
KZ˜α +K
Ŷ
α
)
+KZ˙ +KS. (3.34)
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As shown in I and II, the ultraviolet divergences from light loops are canceled if the PV coupling
constants satisfy8 ∑
α
ηŶα aˆ
2
α = −2,
∑
α
ηŶα aˆ
4
α = +2,∑
α
ηφ
S
α c
2
α = 5,
∑
α
ηŶα g
2
αaˆ
2
α = −1,
∑
α
ηŶα g
2
α = 1,
1
2
∑
α,β
ηϕˆαe
2
αβ = −4 =
3
4
∑
αβγδ
ηϕˆγ e
β
αe
γ
βe
δ
γe
α
δ ,
∑
α
ηφ
S
α h
S
αcα = 1,∑
α
ηφ
S
α (h
S
α)
2 = 2,
∑
γ
ηsγ = −NG, (3.35)
and the PV signatures satisfy∑
α
ηϕ
a
α =
∑
α
ηϕˆ
a
α =
∑
α
ηϕ˜
a
α = 1, η
ϕa
1+α = η
Ŷ
α , η
ϕa
1 = +1, η
UA
α = η
UA
α ,∑
ηZ˙α =
∑
α
ηφ
S
α = −1,
∑
α
ηZ˜α = 0, η
Z˜
α = η
Ŷ
α , η
φS
α = η
φS
α = η
φ0
α ,∑
γ
ηθγ =
∑
γ
ηsγ +
∑
γ
η0γ = −12−NG = N ′G,
∑
P
ηC = −29−N = N ′, (3.36)
where C is any PV chiral superfield and N(NG) is the number of chiral (gauge) superfields in the
light sector. Cancellation of quadratic divergences requires that the pre-factors fC in (3.34) satisfy:∑
C
ηC∂i ln fC = −10Ki,
∑
C
ηC∂ı¯ ln fC = −10Kı¯, (3.37)
and cancellation of logarithmic divergences requires∑
C
ηC∂i ln fC∂¯ ln fC = −4KiK¯ + 2kik¯. (3.38)
where in (3.37) φC is any PV chiral superfield except Z˙, Z˜, Ŷ , φS , φS,0; for example
fϕ = e
K−k, fϕˆ = e
k, fϕ˜ = 1. (3.39)
The Ka¨hler potentials for ϕaα and ϕˆ
a
α are determined by their couplings so as to cancel light field
divergences, while the choice for ϕ˜aα assures the Ka¨hler anomaly matching condition for the gauge
8There are extraneous factors of eK and W in the expression for A¯IJZα,Yα in (2.36) of I.
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loop contribution to the term quadratic in the Yang-Mills field strength, which requires [12] that,
averaged over the adjoint PV fields, 〈ln f〉ϕ = K/3. The parameters νγ in (3.34) determine the
squared PV masses of the PV vector supermultiplets and the corresponding eaten chiral super-
multiplets θγ ; these masses play the role of effective (squared) cut-offs. The PV masses µα of the
remaining PV chiral multiplets will be introduced through superpotential terms in section 4.2.
4 Anomaly Cancellation
In the context of orbifold compactification of the heterotic string the known mechanisms for can-
cellation of the effective field theory anomalies are the four-dimensional GS mechanism and string
loop threshold corrections. The latter can be parametrized as moduli-dependent PV masses. In
this section we outline the needed generalization of the GS mechanism, show that it restricts the
form of PV mass terms, and construct an explicit PV superpotential that satisfies these restrictions.
4.1 Strategies for anomaly cancellation
The regularized theory would be invariant under the classical symmetries if it were possible to
introduce PV mass terms that respect these symmetries and also cancel all the ultraviolet diver-
gences. That this is not possible can easily be seen by looking at the quadratic divergences. For
example, in (2.16)
DαΓα| = 2x−1DaDp(T az)p − 2Rpm¯
(
e−KA¯pAm¯ +DµzpDµz¯m¯
)
,
Dp(T
az)p = TrT a + Γppq(T
az)q. (4.1)
If U(1)X is anomalous, TrT
X 6= 0, one cannot regulate the quadratic divergences without introduc-
ing at least one mass term for a pair of PV chiral superfields U,U ′ with U(1)X charges qX+q
′
X 6= 0.
Similarly, if the low energy theory possesses a classical invariance under a nonlinear symmetry that
effects a Ka¨hler transformation (3.3), a mass term WU = µUU
′ with constant µ is covariant if
KUU¯KU ′U¯ ′ = e
K . In this case
DαΓUα
∣∣+ DαΓU ′α ∣∣∣ = 2 DαXα|+ 2x−1DX (qX + q′X) . (4.2)
The first term on the RHS of (4.2) cancels the U,U ′ counterpart of the term proportional to
N DαXα| in (2.16). Thus, as discussed in I, quadratic divergences associated with scalar curvature
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cannot be regulated by PV fields with invariant masses. For the orbifold-derived supergravity
models considered here, only a discrete group of modular transformations is expected to survive
at the quantum level. As will be seen below it is always possible to construct PV masses that are
invariant under this discrete group by including holomorphic functions of the moduli that have well-
defined modular weights: w(T ′) = e
∑
i F
iωiw(T ). The appearance of these factors in the effective
one-loop Lagrangian would be interpreted as string-loop threshold effects. However it is known
from string-loop calculations [8, 9] in orbifold compactifications that these effects do not fully cancel
the anomaly. Indeed there are no threshold corrections to the Yang-Mills Lagrangian in Z3 and Z7
orbifolds, where the anomaly is completely canceled by the four dimensional analogue [10, 11] of the
Green-Schwarz term. Moreover, the U(1)X anomalies can be canceled only by such a mechanism
[32].
The GS mechanism is most easily displayed in the linear multiplet formalism [13] for the dilaton,
where the GS term takes the form
LGS =
∫
d4θEL
[
bg(Z, Z¯)− 1
2
δXVX
]
≡
∫
d4θELVGS, (4.3)
where b and δX are constants, VX is the U(1)X vector superfield, and g is a real superfield which,
under a modular transformation (3.3), transforms as
g(Z ′, Z¯ ′) = g(Z, Z¯) + F (Z) + F¯ (Z¯). (4.4)
The real superfield L satisfies the modified linearity conditions
(D¯2 − 8R)L = −Wαa W aα , (D2 − 8R¯)L = −W aα˙W α˙a , (4.5)
where W aα is the gauge superfield strength. Under (4.4) and a gauge transformation:
VX → V ′X = VX +
(
Λ+ Λ¯
)
, (4.6)
where Λ is a chiral superfield, (4.3) transforms as, using (4.5),
LGS → L′GS = LGS +∆LGS ,
∆LGS =
∫
d4θEL
(
bF − δX
2
Λ
)
+ h.c = −
∫
d4θ
E
8R
(D¯2 − 8R)L(bF − δX
2
Λ
)
+ h.c
=
∫
d4θ
E
8R
Wαa W
a
α
(
bF − δX
2
Λ
)
+ h.c, (4.7)
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which has the same form as the quantum anomaly from renormalizable couplings of particles charged
under the gauge group Ga that also carry modular weights and/or U(1)X charge. The constants
b, δX can be chosen to cancel the anomalous term for any one Ga. In orbifold compactifications of the
heterotic string, the couplings satisfy constraints that allow universal U(1)X anomaly cancellation.
Modular anomaly cancellation is also universal in orbifolds with noN = 2 twisted sector. Otherwise
there are moduli-dependent threshold corrections that contribute to the anomaly cancellation. As
discussed in I, these can be included in the PV regulator masses.
The GS mechanism can be generalized to cancel anomalous coefficients of higher dimension oper-
ators by generalizing the modified linear condition:
(D¯2 − 8R)L = −Φ, (D2 − 8R¯)L = −Φ¯, (4.8)
where Φ is a chiral superfield with chiral Ka¨hler weight w(Φ) = 2, provided higher dimension
operators are also included in the tree Lagrangian:
Ltree(L) = −
∫
d4θE [3− 2Ls(L)]
=
∫
d4θ
E
16R
(D¯2 − 8R) [3− 2Ls(L)] + h.c.
=
∫
d4θ
E
8R
s(L)Φ + h.c.+ · · · , (4.9)
where the ellipsis represents the kinetic terms for the various components of L and the supergravity
multiplet. The Ka¨hler potential (2.1) in this formalism is K = k(L) +G(Z, Z¯), and the relation
k′(L) + 2Ls′(L) = 0 (4.10)
between the real functions k(L) and s(L) assures a canonical Einstein term. It follows from (4.8)
that Φ is the chiral projection of a real field Ω with Ka¨hler weight wK(Ω) = 0 and Weyl weight
wW (Ω) = wW (L) = −wW (E) = 2, and that it satisfies a generalized Bianchi identity:(D¯2 − 24R)Φ− (D2 − 24R¯) Φ¯ = total derivative. (4.11)
When Φ =Wαa W
a
α as in (4.5), the first term on the RHS of (4.9) reduces to the Yang-Mills kinetic
term, and Ω = ΩYM , the Chern-Simons (CS) superfield. To obtain the Lagrangian for the chiral
multiplet formulation we make a superfield duality transformation by writing [13]
L = −
∫
d4θE
[
3− 2Ls(L) + (L+Ω) (S + S¯)] , (4.12)
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where L is unconstrained and S is chiral. Writing S as the chiral projection of an unconstrained
complex field Σ: S = (D¯2 − 8R)Σ, the equations of motions for Σ and Σ† give the generalized
linearity constraint (4.8). If instead we solve the equations of motion for L, we obtain [13] L as a
function of S + S¯ such that
s(L) = (S + S¯)/2, (4.13)
and we recover the standard chiral superfield formulation [4] of supergravity, with a canonical
Einstein term provided (4.10) holds, except that the standard Yang-Mills term is generalized to
LYM →
∫
d4θ
E
8R
SΦ+ h.c., (4.14)
provided that
δ
δL
(EΩ) = 0. (4.15)
When the GS term (4.3) is included, (4.13) is modified to
s(L) = (S + S¯ − VGS)/2. (4.16)
Since L is invariant under modular transformations (4.4) and gauge transformations (4.6), the
chiral superfield S is not invariant:
S → S′ = S + bF (Z)− δXΛ/2. (4.17)
Then from either (4.3) in the linear formulation or (4.14) in the chiral formulation, we get a variation
in the Lagrangian
∆L =
∫
d4θ
E
8R
Φ (bF − δXΛ/2) + h.c.. (4.18)
In Section 3 we specified the PV Lagrangian in terms of modular and U(1)X invariant Ka¨hler
potential KPV and gauge kinetic functions (3.33). As a consequence the massive Abelian PV
vector fields necessarily have modular invariant masses that do not contribute to the anomaly. We
further imposed U(1)X invariance and modular covariance on the partW2 of the PV superpotential
that cancels divergences from light chiral supermultiplet loops. The chiral and conformal anomalies
of the low energy quantum field theory arise from linear and logarithmic divergences, respectively.
If we assume that they are canceled when the theory is properly regulated, the only noninvariance in
the regulated theory appears in the partW1 of the superpotential that gives a large supersymmetric
mass matrix m to PV chiral supermultiplets. In this case the one loop action can be written as
L1 = Linv + Lni, Lni = i
2
STr ln
[
D2 +H(m)
]
ni
+ Tni(m), (4.19)
20
where Linv is modular invariant, T is the helicity-odd fermion contribution, and Lni arises only from
chiral supermultiplet loop contributions. As shown in I, under a transformation on the PV fields
that leaves the tree Lagrangian, the PV Ka¨hler potential and the PV gauge couplings invariant,
with W2 covariant:
Φ′ = gΦ, m′(Φ) = m(Φ′)
L′1 = Linv + Lni(m˜), m˜ = g−1m′g, (4.20)
because all the operators in the determinants are covariant except the matrix mni for the chiral
multiplets whose PV masses arise from the noncovariant part ofW1. The residual quantum anomaly
can be canceled by the GS term provided
Lni(m) =
∫
d4θESTr [Ω ln(mm¯)] , m˜ni = e
∑
iQiF
i+QXΛXmni, (4.21)
with, for example
STr (ΩYMQi) = −bΩYM, STr (ΩYMQX) = δXΩYM/2, (4.22)
where ΩYM is the (matrix valued) Yang-Mills Chern-Simons form:
(D¯2 − 8R)ΩYM =Wαa W aα . (4.23)
As mentioned in the introduction, the linear divergences are not completely canceled in the PV
regulated theory. Cancellation of on-shell quadratic divergences imposed the two constraints given
in (2.20) of I, which can be recast in the form
N +N ′ −NG −N ′G = 3 + 2α, N +N ′ − 3NG − 3N ′G = 7, α =
∑
C
ηC ln fC/K. (4.24)
The first of these assures the cancellation of the linear divergence associated with the spin connec-
tion; as a consequence the associated anomaly arises only from PV masses, and, in the absence of
threshold corrections, one gets a contribution [see (C.44)]
16π2√
g
∆Lχspin = −
1
48
r · r˜
∑
n
(
N ′ −N ′G − 2α+ 2
∑
p
qpn
)
ImFn
=
1
48
r · r˜
∑
n
(
N −NG − 3− 2
∑
p
qpn
)
ImFn. (4.25)
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However the linear divergence associated with the affine connection in gravitino loops is not can-
celed, and we get an additional contribution to the chiral anomaly:
16π2√
g
∆Lχaffine =
24
48
r · r˜ImFn. (4.26)
The conformal anomaly counterpart of (4.25), namely
16π2√
g
∆Lcspin =
∑
n
(
N −NG − 3− 2
∑
p
qpn
)
LGBReF
n, (4.27)
LGB =
1
48
(
rµνρσr
µνρσ − 4rµνrµν + r2
)
, (4.28)
automatically combines with (4.25) to form the supersymmetric combination contained in the oper-
ator ΦW in (2.8). This is because Pauli-Villars regularization manifestly preserves supersymmetry,
in contrast to a straight momentum cut-off procedure, which does not.
The second constraint in (4.24) determines the PV mass-independent coefficient of the Gauss-
Bonnet term in the regularized one-loop effective Lagrangian:
16π2√
g
LcGB = LGB(N +N ′ − 3NG − 3N ′G + 41) ln Λ = 48LGB ln Λ. (4.29)
Since LGB is a total derivative, this drops out of the effective action if Λ is constant. If instead,
Λ = µ0e
αΛK , there is a finite, anomalous contribution to the effective action with
16π2√
g
∆LcGB = 96αΛLGBReF. (4.30)
Supersymmetry requires that we take αΛ =
1
4 , in which case the residual contribution to the
anomaly in Ka¨hler superspace is given by
∆LresGB =
1
8π2
∫
d4θEFn(T )ΩGB + h.c., ΩGB = −8ΩW − 4
3
ΩX − 3φχ, (4.31)
which is of the required form, (4.15), with ΩW the Chern-Simons form for the curvature superfield
strength, and ΩX the Chern-Simons superfield for the chiral superfield ΦX introduced in (2.8):
(D¯2 − 8R)ΩW =WαβγWαβγ = ΦW , (D¯2 − 8R)ΩX = ΦX , (4.32)
and φχ is defined in (2.9). Including the PV contribution, the total anomaly involving the curvature
strength becomes
∆LGB = 1
8π2
1
24
∑
n
(
N −NG + 21− 2
∑
p
qpn
)∫
d4θEFn(T )ΩGB + h.c., (4.33)
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The off-diagonal gravitino-gaugino connection leads to a contribution to the chiral anomaly (see
Appendix B.3)
16π2√
g
∆Lχoff = −2ImFDµ
(
xF ρνa DρF˜ aµν
)
, (4.34)
which combines with the conformal anomaly associated with total divergences from mixed gauge-
gravity loop contributions:
16π2√
g
∆Lcmixed = −8αΛReFDµ
(
xF ρνa DρF aµν − xF aµνDρF ρνa − 2DaDνF aνµ
)
+ · · · , (4.35)
to give an overall contribution
LMx = 1
8π2
∫
d4θEFΩMx + h.c., (4.36)
where
ΩMx = −1
4
[
Dα,Dβ˙
] [
(S + S¯)WαWβ˙
]
− 1
16
(D2 [(S + S¯)WαWα]+ h.c.)+ · · · , (4.37)
and the ellipses in (4.35) and (4.37) represent terms with derivatives of the dilaton superfield9 S
(as well as fermionic terms). As discribed in Appendix B.3, this contribution to the anomaly is
cancelled by mixed PV gauge-chiral matter loops for a specific choice of the V0-θ0/ϕ
a-ϕˆa squared
PV mass ratio. We will adopt this choice.
In addition there are total derivatives with logarithmically divergent coefficients that generate a
D-term conformal anomaly with no chiral counterpart. Specifially there is a contribution from
chiral loops and mixed chiral-gravity loops
16π2√
g
∆LcχG = −8αΛReFKim¯Dµ
[Dµz¯m¯ (A¯iAe−K +DνDνzi)−DνDµz¯m¯Dνzi + h.c.] . (4.38)
Given that it is not trivial to identify all the total derivatives that were dropped in [16] and [17],
we cannot guarantee that there are no other such D-term anomalies, so for present purposes we
will subsume these into an operator that we will call Ω′D.
In order to preserve the correct form of the anomaly, we require that PV chiral supermultiplet mass
terms have well-defined modular weights. Those supermultiplets that regulate dilaton loops, and/or
9Determination of the explicit expression for these terms requires restoring all the total derivatives dropped in [17];
we have done this only for the term appearing explicitly in (4.35).
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that contribute to (3.33), must have invariant masses. Operators that do not satisfy (4.15) include
those that contribute to the renormalization of the Ka¨hler potential. These get contributions
from all fields with couplings in W2. We therefore require that these PV fields also have modular
and U(1)X invariant masses; a subset of these also regulate φ3 in (2.9). The requirement that
these PV fields have invariant masses (covariant PV superpotential terms) has implications for soft
supersymmetry breaking scalar masses.
Other operators Ωn that satisfy (4.15) include those, like ΩYM , ΩW and ΩX , whose chiral pro-
jections Φn are bilinear in generalized chiral superfield strengths. In the present formalism ΩX ,
defined in (4.32) and (2.8), is generalized to the operator:
(D¯2 − 8R)ΩXm = XαmXmα , Xmα =
3
8
(D¯2 − 8R)Dα lnM2 +Xα, (4.39)
where the real superfieldM2(Z, Z¯, VX) =MM is the squared mass of a pair of PV fields. ΩX and
ΩXm will be explicitly constructed in Appendix E.2 following the construction of ΩYM in [22].
In addition to the above “F-term” operators, which have no bosonic terms in their lowest compo-
nents, there are “D-term” operators:
ΩD =M2(D2 − 8R¯)M−2Rm + h.c., −ΩG = GµmGmµ =
1
2
Gαβ˙m G
m
αβ˙
, ΩR = R
mR¯m, (4.40)
where
Rm = −1
8
M−2(D¯2 − 8R)M2 = −1
8
M−2D¯2M2 +R, Gm
αβ˙
=
1
2
M[Dα,Dβ˙]M−1 +Gαβ˙ , (4.41)
are generalizations of the supergravity auxiliary fields R, Gαβ˙ . Although the operators (4.40)
satisfy the constraint (4.15), their chiral projections cannot be entirely included in Φ, i.e., the
right hand side of the generalized linearity condition (4.8), because they contain terms that are
not invariant under the anomalous transformations (or do not transform into a linear multiplet).
Therefore full anomaly cancellation appears to require that we add additional counterterms.
To determine which additional terms of the form (4.14) are actually present in the linearity condition
(4.8) requires evaluating, in superstring derived supergravity, the higher dimension terms from the
underlying string theory. However some insight might be gained by considering the zero-slope limit
that gives a supergravity theory in 10 dimensions. The components of the linear multiplet defined
in (4.5) include a three-form hλµν that is a linear combination of the curl of a two-form bµν and the
Yang-Mills CS form ωYMλµν . Similarly, the three-form HLMN of 10-d supergravity includes the curl of
a two-form BMN and the Yang-Mills CS form ω
YM
LMN . However in order to cancel all the anomalies
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of 10-d supergravity, the 3-form H must be modified to include a term proportional to the Lorentz
CS form as well. This must also then be the case in the 4-d effective theory, and supersymmetry
then implies that in (4.8) and
Φ = cYMΦYM + cGBΦGB + · · · , Ω = cYMΩYM + cGBΩGB + · · · . (4.42)
Then (4.9) contains a term proportional to the GB term which must also have a 10-d counterpart.
When compactified to four dimensions the 10-d Riemann tensor includes, in addition to the 4-d
Riemann tensor, derivatives of the 10-d dilaton Φ and the breathing mode(s) (e.g., σ = ln det gmn,
m,n = 5 . . . 9). However, in the class of models considered here, with only three diagonal moduli,
gimn = δmne
σi = δmnRe(t
is
1
3 ), (4.43)
we find for the Chern-Simons 3-forms
(ωYMµνρ)10d = (ω
YM
µνρ)4d, (ω
Lor
µνρ)10d = (ω
Lor
µνρ)4d, (4.44)
and there are no nonvanishing elements of ωMNR involving scalar derivatives. The 10-d expression
for the Green-Schwarz counter term is [7]
L(10)c =
∫
B ∧X8 −
(
2
3
+ α
)∫ (
ωYM − ωLor) ∧X7
=
∫ [
H +
(
1
3
− α
)(
ωYM − ωLor)] ∧X7, (4.45)
where α is an arbitrary parameter, the 8-form curl X8 of the 7-form X7, X8 = dX7, is constructed
from the Yang-Mills and curvature field strengths, and the 3-form H is
H = dB + ωYM − ωLor. (4.46)
In compactifications of the heterotic string the 10-d field strengths
〈Rmn〉 = 〈Fmn〉 (4.47)
are nonvanishing in the 4-d vacuum, but〈(
ωYM − ωLor)〉 = 0, (4.48)
and no new couplings appear to be generated by direct truncation of (4.45) to four dimensions.
However this expression, constructed to cancel the 10-d chiral anomaly, should have a 10-d confor-
mal anomaly counterpart, and it is possible that its 4-d remnant could be at the origin of some of
the D-term contributions found here.
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4.2 PV masses
Given a set10 of PV chiral superfields ZP with Ka¨hler metric KPQ¯, a mass term with a well-defined
modular weight can be constructed by coupling them to a set YP with with inverse Ka¨hler metric
multiplied by a light field-dependent function that is modular invariant up to factors eqig
i
:
KY = fY (Z
p, S, VX )YP Y¯Q¯K
PQ¯, (4.49)
where VX is the vector supermultiplet
11 of the anomalous U(1)X . The Ka¨hler potentials are
modular invariant if under (3.10) for an appropriate choice of the matrix M
Z ′P =MPQZ
Q, Y ′Q = e
−qYi F
i
NPQYP , N =M
−1, f ′ = eq
Y
i (F i+F¯ i)f, (4.50)
and the superpotential
WZ1 = µZ(T
j)ZPYP , W
′Z
1 = e
−QZi F
i
WZ1 , Q
Z
i = −ωZi + qYi , µ′Z = µZe
∑
i ω
Z
i F
i
(4.51)
has modular weights QZi ; for example, ωi = ni if µ(T
i) = µ
∏
i[η(T
i)]2ni . A modular covariant
mass term WX1 has Q
X
i = 1. Note also that the squared mass matrix
(m2Z)
P
Q = K
PR¯
Z W
S¯
1R¯K
Y¯
S¯MW
M
1Q = f
−1δPQ|µZ(T )|2 (4.52)
is diagonal and commutes with the operators that appear in the one-loop effective action (2.2).
The moduli-dependence of the PV masses we have introduced in (4.51) can be interpreted as a
parameterization of the threshold corrections [9, 33] corrections from higher KK and string mode
loops. This would be consistent with an interpretation of the PV masses as fully parameterizing
Planck/string scale physics which provides the cancellations that restore the finiteness of the un-
derlying theory, as well as restoring the perturbative symmetries of string theory, up to the terms
that require including a field dependence in the (infinite) UV cut-off. The requirement of modular
covariant mass terms entails the introduction of factors of Dedekind eta functions η(iT n); these
functions, and therefore PV masses [34] with ωi > 0, are exponentially suppressed in the (strong
coupling) limit of large Ret. However we do not expect our perturbative treatment to be applicable
in this strong coupling limit.
10These may be, e.g., any of Z˙, Ẑ, Z˜; see Appendix F.
11In Yang-Mills superspace [5] only the gauge covariant superfield strengths W aα are introduced and the chiral
superfields Φb are covariantly chiral with a nonholomorphic gauge transformation superfield operator. In the presence
of an anomalous gauge symmetry GX , it is necessary to introduce the corresponding gauge potential superfield VX .
For U(1)X we use “partial” U(1)X superspace; see Appendix D.4.
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If the fields ZP have the same Ka¨hler metric as the light fields Zp: KPQ¯ = Kpq¯, the Z
P and YP loop
contributions to terms linear in Γα in Φ1,2 and LQ cancel, while they give a double contribution
to terms quadratic in Γα in Φ1. Therefore we need to either 1) introduce other PV fields (with
negative signature) with a simpler metric that can mimic the contribution of the light fields or
2) couple one set of (negative signature) fields ZP to fields ΦP with the opposite gauge charge
but trivial metric, e.g. KΦ =
∑
P e
gP |ΦP |2. Option 1) is possible for sigma models whose Ka¨hler
potentials have the special property
G(Zp) =
∑
n
gn(Zpn), g
n
pq = cng
n
p g
n
q , (4.53)
as shown in II for no-scale models that characterize the untwisted sector of orbifold compactifica-
tions. This allows full regularization of the theory in a simple way if the twisted sector fields are
set to zero in the background. This was justified in II on the grounds that the Ka¨hler potential
for orbifolds is not known beyond leading (quadratic) order in the twisted sector superfields ΦaT .
As a consequence the O(|ΦT |2) loop corrections cannot be determined. However since in realis-
tic models [30] the SM spectrum includes twisted sector fields, one would like to include them in
the effective one-loop Lagrangian using a general modular invariant parametrization of the Ka¨hler
potential. Therefore we adopt option 2), which entails a squared-mass matrix that is not of the
form (4.52) and generally does not commute with other operators in the one-loop effective action.
As shown in Appendices B–D, cancellation of on-shell UV divergences can be achieved with a PV
sector such that the only masses that are not invariant under the anomalous symmetries are of the
form (4.52), and indeed we argued above that the Z˙ mass matrix should be modular and U(1)X
invariant. In fact we will adopt the simplest possible approach, with noninvariant masses generally
present only for PV fields ΦC with a Ka¨hler metric of the form KCD¯ = fCδCD.
To construct invariant masses for Z˙σ = Z˙P , Z˙N , we introduce fields Y˙σ = Y˙P , Y˙N , with Ka¨hler
potential
K Y˙ =
∑
A
eG
A |Y˙A|2 +
∑
N
eG
N
[
gi¯n
(
Y˙I − χni Y˙N
)(
˙¯Y J¯ − χ¯n¯¯ ˙¯Y N¯
)
+ |Y˙N |2
]
, (4.54)
where g =
∑
n g
n is either the Ka¨hler potential for just the moduli with φa all gauge-charged
matter, or it is the Ka¨hler potential for the untwisted sector with φa the twisted sector,12, and
gi¯n g
n
¯k = δ
i
k, G
A,N =
∑
m
qA,Nm g
m + ℓA,N , (4.55)
12In this case we have to slightly modify (4.54) and (4.57); see Appendix D.3.
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where ℓA,N is a modular and gauge invariant function of the chiral superfields. The Y˙A are PV
counterparts of the light fields Za not included in the gn; they transform according to the gauge
group representation conjugate to that of the Za and have modular weights qAn . The Ka¨hler
potential (4.54) is modular invariant provided under (3.10)
χ′ni (Z
′, Z¯ ′) = nji
(
χnj (Z, Z¯) + a˙Fq
)
, Y˙ ′A = e
−FA Y˙A, Y˙
′
I = e
−FNnji
(
Y˙J + a˙F
n
j Y˙N
)
,
Y˙ ′N = e
−FN Y˙N , F
N,A =
∑
m
qN,Am F
m. (4.56)
where nij is the submatrix of N
p
q , defined in (3.12), that acts only on the fields Zi in
∑
n g
n. Then
the terms in the superpotential
W Z˙1 =
∑
a
Wa +
∑
n
Wn, Wn = µ˙n(T
i)
(∑
P∈n
Z˙P Y˙P + Z˙
N Y˙N
)
, µ˙n(T
′i) = eF
N−F µ˙n(T
i),
Wa = µ˙a(T
i)
(
Z˙AY˙A − a˙−1qanZaZ˙N Y˙A
)
, µ˙a(T
′i) = eF
a+FA−F µ˙a(T
i), (4.57)
are modular covariant. The UV-divergent contributions of the Y˙ to the loop corrections can be
canceled by the fields U and V along with additional fields Φ with very simple transformation prop-
erties, Ka¨hler potential and superpotential W1(U, V,Φ), that are given explicitly in Appendix D.
To give masses to the fields introduced in Section 3.3, we introduce additional fields Ẑ and Y˜ that
transform under the nonanomalous gauge group like Zp and its conjugate, respectively, as well as
gauge singlets φˆr, with Ka¨hler potentials
KẐα = fẐα
 ∑
P,Q=p,q
ẐPα
̂¯ZQ¯α (Gpq¯ + a2αGpGq¯)+ aα(ẐPα ̂¯Z0αGp + h.c.)+ |Ẑ0α|2
 ,
K Y˜α = fY˜α
∑
P,Q=p,q
Gpq¯Y˜ αP
˜¯Y αQ¯,
K φˆα = e
K
{
eβ
α
0 k
[
2e2k|φˆSα|2 + |φˆ0α|2 + ek
(
ˆ¯φ
S¯
αφˆ
0
α + h.c.
)]
+ eβ
S
αk|φˆαS |2
}
, (4.58)
that are modular and U(1)X invariant with the appropriate transformation properties.
13 We thus
modify the signature constraints (3.36) to read
ηẐα = η
Ŷ
α = ηˆα, η
Y˜
α = η
Z˜
α = η˜α,
∑
α
η˜α +
∑
α
ηˆα ≡ N˜ + Nˆ = 0,
ηφˆ
r
α = η
φr
α , φ
r = (φS , φS , φ0), (4.59)
13The Ka¨hler potential for φˆS,0 and φS,0 are the same as for Ẑ
σ and Ŷσ, respectively, with the substitution
G(Zp, Z¯p¯)→ k(S, S¯) and aφˆα = −1, fφˆα = exp(K + β
α
0 k).
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and the first two constraints in (3.35) are modified to read∑
α
ηŶα aˆ
2
α = −1,
∑
α
ηŶα aˆ
4
α = +1. (4.60)
because the contribution from ẐIα to Φ
PV
1 doubles that from Ŷ
α
I .
The remaining PV masses can be generated, for example, by the superpotential
W1 = W
Z˙ +W Ŷ +W Z˜ +Wϕ +W ϕ˜ +W S +W φ +W V +WΦ,
W Ŷ =
∑
α
µŶα
∑
P=A,I,0
ẐPα Ŷ
α
P , W
Z˜ =
∑
α
µZ˜α
∑
P=A,I
Z˜Pα Y˜
α
P ,
Wϕ =
∑
α,a
µϕαϕ
a
αϕˆ
a
α, W
ϕ˜ =
1
2
µϕ˜αϕ˜
a
αϕ˜
a
α, W
V =
∑
A,γ
(
µUγ U
γ
AU
A
γ +
1
2
µVγ (V
γ
A )
2
)
,
W S =
∑
α,r
µSαφ
r
αφˆ
α
r , W
φ =
1
2
∑
α,β
µφαβφ
αφβ , ηφα = η
φ
β if µ
φ
αβ 6= 0, (4.61)
where W Z˙ is given by (4.57), and WΦ is given in Appendix D. The Ka¨hler potential for the fields
Φ, whose only role is to cancel unwanted curvature terms generated by the Ka¨hler potential (4.54),
is also given in Appendix D. Note that Wϕ, W S and W Z˙ (for at least one set Z˙, Y˙ ) are U(1)X
invariant and modular covariant. The mass parameters µ can in general depend on the moduli:
µ = µ(T i). When all the above additional PV fields are included, the prefactors in their Ka¨hler
potentials and their U(1)X charges are understood to be included in the sums in (3.37) and (3.38),
and in (3.36) N ′ includes all PV chiral superfields. We further require∑
α
ηYα ln f
Y
α −
∑
α
ηZα ln f
Z
α = 0, Y = Ŷ , Y˜ , Z = Ẑ, Z˜. (4.62)
The simplest form of the prefactors needed for the cancellation of all UV divergences is
f = eαK+βk+
∑
n qng
n+qVX . (4.63)
Although we are working generally in Yang-Mills superspace [5] in which the gauge potential su-
perfields Va do not appear explicitly in the superpotential, as explained in Appendix D.4 fields with
superpotential mass terms that are not U(1)X invariant must transform in such a way that the
mass term remains holomorphic under a U(1)X transformation; this requires the presence of qVX
in the exponent of the prefactor for these fields. As shown in Appendix D, all the anomalies arising
from gauge-charged matter in the light sector can be absorbed into the mass terms of U, V,Φ. This
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means in particular that we need to include factors eqVX only for these fields. These fields also have
prefactors of the form e
∑
n qng
n
, similar to eG
A,N
in (4.54), that accommodate the charged matter
and T -moduli contributions to the modular anomaly. For the other PV fields we take the simpler
form
fC = e
αCKC+βCkC . (4.64)
A similar prefactor may be included in the Ka¨hler potential for any chiral superfield Φ 6= θ that does
not have other couplings except in W1, provided the moduli-dependence of W1 assures modular
covariance as needed; this includes additional fields with the same Ka¨hler metric, gauge charges
and superpotential terms in W1 as Z˙, Ẑ, Z˜, Y˙ , Ŷ , Y˜ but no other couplings. All PV fields with
couplings that contribute to the renormalization of the superpotential must have invariant mass
terms. Here we will assume only the minimal number of these fields needed to regulate light field
contributions to the renormalization of the Ka¨hler potential. Thus we include Z˙, Y˙ only with the
Ka¨hler potential given in (3.16), (3.18) and (4.54). We take all Ŷ , Z˜ to have the Ka¨hler potentials
given in (3.28), and Ẑ, Y˜ to have, respectively, the inverse Ka¨hler metrics with prefactors
f
Ẑα,Y˜α
= eα
Ẑ,Y˜
α K , (4.65)
such that including the T i-dependence of µŶ ,Z˜α , the masses are modular invariant, and the constraint
(4.62), which reduces to ∑
α
ηˆα
(
αY˜α − αẐα
)
= 0, (4.66)
is satisfied.
4.3 Quadratic PV mass terms
We have constructed the PV Lagrangian in such a way that PV fields that couple to one another in
W1 have no other common coupling. The the term quadratic in masses takes the form, in a basis
where the squared mass matrix is diagonal
LPVQ =
1
32π2
[(
3
∑
γ
ℓθγ −
∑
C
ℓC
)(
Vˆ +M2
)
− 1
2
(∑
C
ℓC −
∑
γ
ℓθγ
)
DαXα|
+
∑
γ
ℓsγ Dαkα|+
∑
C
ℓC DαΓCCα
∣∣] , (4.67)
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where here C refers to all heavy chiral supermultiplets ΦC 6= θ, and
ℓX = m
2
X ln(Λ
2/m2X)ηX , X = Φ
C , θ. (4.68)
Finiteness requires that the coefficient of ln Λ vanish:
0 =
∑
γ
m20γη
0
γ =
∑
γ
m2sγη
s
γ =
∑
C
m2CηC =
∑
C
m2CηC DαΓCCα
∣∣ . (4.69)
If ΦC couples to ΦD in W1, with
m2C = m
2
D = µ
2
C |wC(t)|2eK−2(qC+qD)VXfC(z, z¯) ≡ µ2CΛ2C , (4.70)
then Dα
(
ΓCCα + Γ
D
Dα
)
is completely determined in terms of (qC + qD) and scalar derivatives of fC ,
so the third equality in (4.69) insures the fourth, since the coefficient of each term of fixed Λ2C 6=
constant must vanish separately. We have regulated the theory such that all masses are invariant
except for some chiral superfields ΦCα with masses of the form (4.70). These give contributions to
the renormalized Ka¨hler potential of the form
KQ ∋
∑
C
λCΛ
2
C
32π2
− 2λ0Λ
2
0
32π2
, λX =
nX∑
γ=1
ηXγµ2Xγ ln(µ
2
Xγ ),
m2Xγ = µ
2
XγΛ
2
X ,
nX∑
γ=1
ηXγµ2Xγ = 0. (4.71)
We require λC = 0 if Λ
2
C is not modular and U(1)X invariant. Note that in order to cancel the
chiral anomaly and the logarithmic divergences, we have necessarily
nC∑
α=1
ηCα 6= 0 (4.72)
for at least some sets {C,D}. For these the constraint λC = 0 requires14 nC ≥ 5.
5 Superfield structure of the anomaly and anomaly cancellation
The bosonic part of the anomaly under infinitesimal modular and U(1)X transformations that
arises from the noninvariance of PV masses is given in (C.70) of Appendix C. Referring to (C.72)
14See Appendix C of [35].
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and (E.11), when combined with the additional contributions described in Section 4.1–with the
cancellation of (4.37) imposed–that expression is the bosonic part of an infinitesimal variation of
the superfield operator
Lanom = L0 + L1 + Lr =
∫
d4θE (L0 + L1 + Lr) , (5.1)
L0 =
1
8π2
[
Trη lnM2Ω0 +K
(
ΩGB +Ω
′
D
)]
, Lr = − 1
192π2
Trη
∫
d lnMΩr. (5.2)
L1 is defined by its variation:
∆L1 =
1
8π2
1
192
Trη∆ lnM2Ω′L =
1
8π2
1
192
TrηHΩ′L + h.c., (5.3)
and Ω′D is the “D-term” anomaly that arises from certain total derivatives with logarithmically
divergent coefficients as discussed in Section 4.1. The superfield Ωr is defined by (E.11) and (E.12),
ΩGB is defined in (4.31), the real superfieldM2 is the PV squared mass matrix,
∆ lnM2 = 2 (H + H¯) , (5.4)
with H holomorphic, and
Ω0 =
1
3
ΩW +Ω
0
YM −
1
36
ΩX +
1
192
ΩL − 1
48
(
6φχ +D2R+ D¯2R¯
)− 1
192
Ω′L
= − 1
24
ΩGB +Ω
0
YM −
1
48
Ωφ,
Ω′L = ΩL − 16ΩX , Ωφ = 12φχ +D2R+ D¯2R¯, (5.5)
with the Chern-Simons superfields in (5.5) defined in (4.23), (4.32), and (E.7). The above results
were also found [29] by performing a superspace calculation of the anomaly in PV regulated super-
conformal supergravity, and then gauge-fixing to Ka¨hler U(1)K superspace [5]. Note that the part
of Ω′L that is independent of the U(1)X charges and modular weights, namely
TrηHΩ′L = 16
∑
C
ϕ˜+C
[
(1− 2αC)2 − 1]ΩX +O(qX , qi), (5.6)
drops out of (5.3) by virtue of (D.103) and (D.113) [with (D.114)]. In the present approach, the
coefficient of the Chern-Simons superfield ΩXYM comes from a combination of terms in ΩXm and
ΩG in (C.72). Because the anomalous U(1)X is not incorporated into the superspace geometry, the
superfield strength in the chiral projection of Ω0YM, defined in (C.72), does not includeW
X
α . Instead,
the PV masses depend on the the U(1)X vector field strength VX , giving a U(1)X -dependent
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contribution from ΩL. We note here that the operator Ω0 in (5.2) has contributions that contain
a dependence on the dilaton field, such as ΩX and ΩL; these do not satisfy the condition (4.15)
of Section 4.1. We show in Appendix E.2 that the linear/chiral multiplet duality outlined in
Section 4.1 still holds in the presence of these operators; although some intermediate equations are
modified the action for the dilaton coupling to Ω is the same in both the linear and chiral multiplet
formulations, and still takes the form (4.9) or (4.14).
There are additional U(1)X -dependent contributions from the “D-terms”in Ωr. Integrating (E.11)
gives
Lr = − 1
8π2
1
24
∫
d4θETrη
{
lnM
(
1
2
DαLα + 2DαXα
)
(lnM)2 +Gαβ˙Dα lnMDβ˙ lnM
−1
4
(
D2 lnMDβ˙ lnMDβ˙ lnM+ h.c.
)
− lnM
[
1
8
D2D¯2 lnM+Dα(RDα lnM) + h.c.
]
−1
2
Dα lnMDα lnMDβ˙ lnMDβ˙ lnM
}
, (5.7)
up to a linear superfield and a total derivative; the variation of Lr under an anomalous transfor-
mation is given in (E.16).
In this section we evaluate the anomalies and discuss the counterterms needed to cancel them.
Possible connections of these counterterms to the 10d GS term were discussed in Section 4.1. For
simplicity we present explicit results only for the case without threshold corrections as in Z3 and Z7
orbifold compactifications; the result for any specific compactification with threshold corrections
can be reconstructed from the results of Appendix D.4, by matching the parameters ωCn to the
threshold corrections specific to the model.
5.1 Generalization of the 4d GS mechanism
The traces in L0 are completely determined, up to possible threshold corrections, in terms of the
quantum numbers of the light spectrum. Taking the traces subject to the constraints given in
(3.35)–(3.38), Appendix A and Appendix D.4, we obtain a contribution that can be written in the
form (up to terms that are invariant under modular15 and U(1)X transformations and terms that
15In the case that string threshold corrections are present, these include terms of the form∑
n,A b
A
n ln
[
(Tn + T¯n)|η(Tn)|2
]
ΩA.
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do not contribute to the variation of the action)
L0 =
(
bg − 1
2
δXVX
)
Ω0 +
g
8π2
(
Ω′D +Ωφ
)
. (5.8)
In contrast, the traces in L1 depend on the details of the PV regularization procedure. For example
if we use either (D.130) or (D.147) we get an expression of the form
1
192
TrηHΩ′L =
1
3
∑
l
F l
[
CGSΩ
X
YM +AlΩWXX −
∑
m,n
AmnlΩnm
−
∑
n
(2BnlΩWXn −AnlΩnX)
]
+
1
3
Λ
[
3C ′GSΩ
X
YM + aΩWXX −
∑
m,n
amnΩnm −
∑
n
(2bnΩWXn − anΩnX)
]
,(5.9)
with
(D¯2 − 8R)ΩWXX = WαXXα, (D¯2 − 8R)Ωnm = gαngmα ,
(D¯2 − 8R)ΩnX = gαnXα, (D¯2 − 8R)ΩWXn =WαXgnα, (5.10)
the expressions for the parameters A,B, a, b, c are given in (D.131)–(D.138) for the PV sectors of
Appendix D.1 and Appendix D.2 with the choice (D.130), and
CGS = 8π
2b, C ′GS = −4π2δX , (5.11)
In writing the above we used the known string theory constraints, which for orbifold compactifica-
tions with no threshold corrections read
8π2b =
1
24
(
2
∑
p
qpn −N +NG − 21
)
∀ n
= Ca − CMa + 2
∑
b
Cbaq
b
n ∀ n, a, Ca = Tr(Ta)2adj, CMa = Tr(Ta)2mat, (5.12)
2π2δX = − 1
24
TrTX = −1
3
TrT 3X = −Tr(T 2aTX) ∀ a 6= X. (5.13)
If the expression (5.9) were to factorize:
1
192
TrηHΩ′L =
(
CGSF +C
′
GS
)
Ω′0, (5.14)
Ω′0 =
[
ΩXYM +AΩWXX −
∑
m,n
A′mnΩnm −
∑
n
(
2B′nΩWXn −A′nΩnX
)]
, (5.15)
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the full F-term contribution to the anomaly could be canceled provided the tree-level Lagrangian
includes a contribution [15] (in the chiral formulation for the dilaton)
LS = −
∫
d4θ(S + S¯)Ω =
1
8
∫
d4θ
E
R
SΦ+ h.c., Φ = (D¯2 − 8R)Ω, Ω = Ω0 +Ω′0, (5.16)
with S transforming under modular and U(1)X transformations as
S → S − δX
2
Λ + bF, (5.17)
so that the dilaton Ka¨hler potential
KS = k(S + S¯ +
δX
2
VX − bG) (5.18)
is invariant. Note that the coefficient of ΩXYM in Ω is fixed, since the dilaton is known to couple
universally to the gauge field strength (for affine level k = 1). The Lagrangian (5.16) and the
Ka¨hler potential (5.18) can be obtained by a duality transformation from the formulation where
the dilaton is the lowest component of a modified linear multiplet, as described in Section 4.1. The
new couplings in (5.16) of course also contribute ultraviolet divergent contributions in the effective
QFT. We expect that these can be regulated by PV fields with modular and U(1)X invariant
masses, as we have shown to be the case for the dilaton coupling to ΦYM , so that they will not
induce any further contributions to the anomaly. In the case that string loop corrections of the
form
Lthresh = 1
4π2
∑
n,A
ln |η(T n)|2bAnΩA, (5.19)
∆Lthresh = 1
8π2
∑
n,A
[
F (T n) + F¯ (T¯ n¯)
]
bAnΩA, (5.20)
are present, the constraints (5.12) and (5.13) are modified as in (D.102) and (D.121), and the
quantum anomaly arising from the F-term should be canceled by a the combination of (5.17) and
(5.20).
If we make a different choice than (D.130) or (D.147) for the invariant functions ℓ in (4.55), there
will be additional terms on the right hand side of (5.9). However this model-dependence is removed
if we evaluate it with only the Ka¨hler moduli nonvanishing among the background chiral superfields,
such that
ℓ→ 0, K → g =
∑
n
gn, ΩnX →
∑
m
Ωnm, ΩWXX →
∑
n
ΩWXn, (5.21)
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so that (5.9) reduces to
1
192
TrηHΩ′L =
1
3
∑
l
F l
[
CGSΩ
X
YM +
∑
n
(Al − 2Bnl)ΩWXn −
∑
m,n
(Amnl −Anl)Ωnm
]
+
1
3
Λ
[
3C ′GSΩ
X
YM +
∑
n
(a− 2bn)ΩWXn −
∑
m,n
(amn − an)Ωnm
]
. (5.22)
One can check that this does not factorize for the models listed in Appendix D.5 if we use the
results (D.131)–(D.138) that apply if the prescription of Appendix D.1 or Appendix D.2 is used.
With this prescription, the modular weights and U(1)X charges of the PV fields that enter the
sums in (D.131)–(D.138) are exactly those of the light chiral supermultiplets. They arise from the
contributions of PV fields ΨC with, in the absence of threshold corrections (ωCn = 0 ∀ ΦC) modular
weights
qΨ
C
n = 1− qCn . (5.23)
In contrast, the more constrained prescription of Appendix D.3 replaces the gauge singlet PV
“moduli” ΦN ,Φn with
(qNm , q
n
m) = (2δ
N
m , 0) (5.24)
by the same number of PV “moduli” but with
(qNm , q
n
m) = (δ
N
m , δ
n
m) (5.25)
This leaves sums linear in the modular weights unchanged, but slightly modifies the nonlinear sums:
∆
∑
C
qΨ
C
n1 . . . q
ΨC
nM
= (2− 2M )
M−1∏
k=1
δnknk+1 . (5.26)
This does not achieve factorization, but suggests that an even more constrained PV sector, such as
“option 1”, discussed in Section 4.2 and briefly outlined in the beginning of Appendix D, might allow
a significantly different set of modular weights for the PV fields that have noninvariant masses. Note
also that in the effective field theory for the Z7 case of Appendix D.5, there are mixed anomalies
associated with TrTaqn 6= 0 and TrTaq2n 6= 0. No anomalies are present in the corresponding
string theory [14] (which has no Wilson lines and therefore no anomalous U(1)). Therefore in the
appropriately regulated effective field theory these anomalies should disappear. For the case where
an anomalous U(1)X is present, we also need a modification of TrT
2
Xqn. In addition there may
be larger symmetries, or partial symmetries–such as the “Heisenberg symmetry” of the untwisted
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sector Ka¨hler potential that is used in Appendix D.3–that should be respected in the PV sector.16
For example, the Ka¨hler metric of the untwisted sector for Z3 models, including the more realistic
FIQS model with Wilson lines and a U(1)X , have a larger symmetry than the [SL(2,Z)]
3 group of
modular transformations that we have been using. If that symmetry is preserved in the PV sector,
this might also give a different result for terms nonlinear in modular and U(1)X charges.
Cancellation of the remaining contributions to the anomaly, namely the the term proportional to
g in (5.8)–that has not been considered previously in this context–and the D-term anomaly Lr
in (5.7) appears to require additional counterterms, although possibly the former, and certainly
the latter, will be modified by any modification of the PV sector that can provide factorization in
(5.22). Because lnM contains a term (12 − α)K, it is not impossible that the the former term can
be canceled by a contribution from the latter, in the same way that that the ΩX term in Ω
′
L is
canceled in (5.6); this cancellation seems to be independent of the details of the PV sector.
6 Summary of Results
We used on-shell Pauli-Villars regularization of the one-loop ultra-violet divergences of supergrav-
ity to determine the anomaly structure of these theories. This regularization procedure requires
constraints on the chiral matter representations of the gauge group that are satisfied in any su-
persymmetric extension of the Standard Model, and by hidden sectors that have been found in
orbifold compactifications of the heterotic string.
We showed that the logarithmic and quadratic one-loop divergences in the S-matrix can be canceled
by a PV sector that respects the classical symmetries of the theory except for certain superpotential
terms that generate large, noninvariant PV masses for a subset of PV chiral superfields that have
a very simple Ka¨hler metric. A PV sector with this feature was explicitly constructed for effective
supergravity theories with three Ka¨hler moduli T i obtained from orbifold compactifications of the
weakly coupled heterotic string. These theories are classically invariant under a U(1)X gauge
transformation and under the T-duality group of modular transformations that are anomalous at
the quantum level.
If all linear divergences were canceled in the regulated theory, it would be anomaly free, with
16In writing the transformation properties (3.10) and (3.14) we neglected constant phases [36] and matrices [37]
that mix chiral superfields with the same modular weights. These can be trivially incorporated and do not affect the
conclusions.
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noninvariance of the action arising only from that of the Pauli-Villars masses. Here we calculated
their contribution to the bosonic part of the anomaly in the component Lagrangian. Because the
regularization procedure is manifestly supersymmetric the full anomaly generated by PV loops
necessarily forms a superfield. Since only chiral superfields contribute, and since they have a
diagonal Ka¨hler metric, we were able to draw on the recent superfield calculation [29] of the chiral
multiplet loop contribution to the UV divergences and anomalies in supergravity. This provided a
check of our component results, and greatly simplified the identification of the superfield form of
the anomaly.
Pauli-Villars regulator fields allow for the cancellation of all quadratic and logarithmic divergences,
but there remain residual linear divergences associated with nonrenormalizable gravitino/gaugino
interactions. This result follows directly from the constraints imposed by cancellation of on-shell
quadratic divergences, and is therefore independent of the details of the PV sector. These residual
divergences result in additional contributions to the chiral anomaly. There is also an additional
conformal anomaly that appears if the UV cut-off Λ is field dependent, because there are residual
terms in the coefficient of ln Λ that are not canceled by the PV sector. These are total derivatives,
so the S-matrix of the regulated theory is finite, but a field-dependent cut-off can induce finite
terms that are not invariant under the classical symmetries. These new contributions, which are
anomalous only under T-duality invariance, combine to form a supermultiplet provided the ultra-
violet cut-off has the field dependence given in (1.1). When this contribution is combined with
the PV contribution, we obtain results in agreement with string-loop calculations of the anomalous
coefficients of the squared (nonanomalous) Yang-Mills and space-time curvatures.
It is well known that these contributions to the anomaly can be canceled by a four-dimensional
version of the Green-Schwarz mechanism. We showed that the remaining contributions depend on
the choice of PV sector couplings. Provided that the F-term contributions factorize [14], they can
be canceled by a generalization this mechanism, corresponding to a generalization of the modified
linearity condition for the linear supermultiplet that is dual to the dilaton chiral supermultiplet.
It may be that factorization is possible only with constraints on the superpotential of the type
discussed at the beginning of Appendix D. Such constraints would be somewhat analogous to the
constraint on gauge charges mentioned above, although the cancellation of UV divergences by itself
requires no constraint on the Ka¨hler potential. Such a factorization condition could be used as
a tool to probe higher order terms in the twisted sector Ka¨hler potential. This is of importance
for phenomenology if some fields require large vacuum values as, for example, in U(1)X gauge
symmetry breaking at the string scale. As an example, we found that if we impose a Ka¨hler
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potential of the form (D.7) for the twisted sector of the Z7 model of Appendix D.5 one can find
values of the parameters such that terms proprotional to Xαgnα, with coefficients both linear and
quadratic in the modular weights, either factorize or vanish, while the cancellation in (5.6) is
unaffected. This approach will be pursued further elsewhere.
There are additional contributions to the conformal anomaly that may require new counter-terms.
These include terms that are nonlinear in the parameters of the anomalous transformations. On
the other hand it is possible that some or all of these terms can be made to cancel.
We briefly considered the possible connections between the 4-d counterterms that we find and the
10-d GS term; establishing a clear connection requires further work.
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Appendix
A Linear divergences
The one-loop contribution to the bosonic part of the effective action is
L1 = i
2
Tr ln(Dˆ2Φ +HΦ)−
i
2
Tr ln(−i 6D +MΘ)
+iTr ln(D2Gh +HGh)− iTr ln(Dˆ2gh +Hgh)
≡ i
2
STr ln(Dˆ2 +H)− i
2
T−, (A.1)
where Φ is a 2N +4NG+10 component boson, Θ is an N +NG+5 component Majorana fermion,
with N is the number of chiral multiplets andNG is the number of gauge multiplets, and the last two
terms are the (4-component fermion) ghostino and (NG+4 component boson) ghost contributions,
respectively. The last equality is obtained after casting the fermionic determinant in the form
− i
2
Tr ln(−i 6D +MΘ) = − i
8
Tr ln(Dˆ2Θ +HΘ)−
i
2
T−, (A.2)
where in (A.2) DˆΘ and HΘ are 8 × 8 matrices in Dirac space that act on the vector-valued 4-
component fermion (ΘR,ΘL); for example HΘ for PV the fields with noninvariant masses is given
in (C.9) below. The first term is the helicity averaged part of the fermion contribution, and [17]
T− = Tr
{
− [ 6D2 + i 6DM]−1 i 6DN} (A.3)
is the helicity-odd part,17 where N is the helicity-odd part of −i 6D +MΘ. T− is not invariant
under chiral transformations because, unlike the the other operators appearing in (A.1), N cannot
be recast in invariant form; it explicitly contains the axial current. If the linear divergences in T−
cancel, the non-invariance can be shifted to the PV masses. This requires
Trη(G · G˜φ) = 0, (A.4)
where the signature η = 1 for light fields,
Gµν = [Dµ,Dν ] = Gµν + Zµν , (A.5)
17As discussed in [1] the separation of the fermion determinant into helicity odd and even parts is ambiguous;
there is a unique choice that allows a PV regularization of the quadratic divergences. For the universal axion
couplings to gauginos, this choice is also consistent with nonrenormalization [28] of the θ-parameter and with linearity
constraints [12] in the dual linear formulation for the dilaton supermultiplet.
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is the fermion field strength, the fermion covariant derivative is
Dµ = ∂µ + Zµ + vµ + Jµγ5 = dµ + Zµ, Gµν = [dµ, dν ], (A.6)
with Zµ the spin connection:
Zµ =
1
4
γν [∇µ, γν ], Zµν = 1
4
rµνρσγ
σγρ, (A.7)
and
δJµ = −i∂µφ (A.8)
under a chiral transformation. In fact, the trace in (A.4) does not vanish because the gravitino
connection contains the affine connection as well as the spin connection, whereas the PV fields are
chiral fermions and (Abelian) gauginos, with only the spin connection contributing to space-time
curvature dependent terms. In addition there is an off-diagonal gaugino-gravitino connection that
is not reproduced in the PV sector. This implies that there is a residual linear divergence. When
the PV fields are included all the other terms are reproduced, provided they satisfy condition (A.4).
The first equality in (4.24), which follows from the cancellation of on-shell quadratic divergences,
ensures the equality
TrηZ · Z˜φ = 1
2
(
N +N ′ −NG −N ′G − 3− 2
∑
C
ηCα
C
)
Z · Z˜ImF = 0. (A.9)
To implement the condition (A.4) for the chiral fermions it is useful to use the relations(
G+µν
)n¯
m¯
= −Kpm¯
(
G−µν
)p
q
Kqn¯ + 2Zµνδ
n¯
m¯,(
D+µ
)n¯
m¯
= −Kpm¯
(
D−µ
)p
q
Kqn¯ +Kqn¯∂µKqm¯ + 2Zµδ
n¯
m¯, (A.10)
Writing
D±µ = ∂µ + Zµ + J
±
µ , (Jµ)
i
j ≡ (J−µ )ij , (Jµ)m¯n¯ ≡ (J+µ )m¯n¯ , (A.11)
for a chiral superfield with a general Ka¨hler metric K: Kim¯ = Kim¯, the anomalous part of the one
loop action under a chiral transformation takes the form [see (B.1)]
1
2
[
Tr ln(−i 6D+R)− Tr ln(−i 6D−L)] = 1
2
[
Tr ln(−i 6D+R)− Tr ln(−iK 6D−K−1L)]
=
1
2
[
Tr ln(−i{6∂+ 6Z+ 6J+}R)− Tr ln(−iK{6∂+ 6Z+ 6J−}K−1L)]
=
1
2
[
Tr ln(−i{6∂+ 6Z+ 6J+}R)− Tr ln(−i{6∂+ 6Z− 6J+}L)] , (A.12)
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where in the last equality we used (A.10), so we can simply take J+µ (or −J−µ ) to be the axial
current: Jµ = J
±
µ . Then
GVµν = Zµν + [J
±
µ , J
±
ν ], Jµν = ∂µJ
±
ν − ∂νJ±µ , (A.13)
and the condition (A.4) reduces to
0 = ǫµνρσTr
(
∂µJ
±
ν ∂σJ
±
ρ φ
)
. (A.14)
This implies, in particular,
0 = TrT 2aTX , (A.15)
and
0 =
∑
C
ηC
(−8α3C + 12α2C − 6αC)+N +N ′ −NG −N ′G − 3 = −8∑
C
ηCα
3
C − 8,
∑
C
ηCα
3
C = −1. (A.16)
where αC is defined in (4.64) and we used the constraints (3.36)–(3.38). There are also mixed terms
in the gauge and Ka¨hler U(1) connections; these require
0 = 2
∑
C
ηCαC(Ta)
2
C − TrT 2a = 2
∑
C
ηCαC(Ta)
2
C , (A.17)
0 = 4
∑
C
ηCα
2
C(TX)C − 4
∑
C
ηCαC(TX)C +TrTX = 4
∑
C
ηCα
2
C(TX)C , (A.18)
since cancellation of quadratic divergences (2.16) requires TrTX = 0, and cancellation of the loga-
rithmic divergences (2.8) requires TrT 2a =
∑
C ηCαC(TX)C = 0 when PV contributions are included
in the trace. The contributions to (A.17) and (A.18) from Ẑ, Y˜ fermion loops are, respectively
2
∑
α
ηˆα
(
αẐα + α
Y˜
α
)
CMa , 4
∑
α
ηˆα
[(
αẐα
)2 − (αY˜α )2] (TrTX)M . (A.19)
Since
∑
α ηˆα = 0, both terms in (A.19) as well as (4.66) vanish if
αẐα = α
Ẑ , αY˜α = α
Y˜ , (A.20)
independent of α. For example, if there are no threshold corrections, µẐα and µ
Y˜
α are constants
in (4.61), and modular covariance of W Ẑ , W Y˜ requires αẐ = αY˜ = 1. More generally, (A.20)
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requires that µẐ,Y˜α = cαµ
Ẑ,Y˜ (T i), which simplifies the constraints in Section 4.3. This constraint
(A.20) also assures that there are no other contributions to (A.4) from Ŷ , Ẑ, Y˜ , Z˜ loops. There is no
contribution to (A.17) and (A.18) from the adjoint fermions χaα = Dαϕa| which have vector gauge
connections and no U(1)X charges. Then these constraints are trivially satisfied if the superfields φγ
in (3.34) carry no gauge charge, which is natural since they were introduced to regulate gravitational
couplings. The constraints involving the parameters βC are, using (3.37) and (3.38),
0 =
∑
C
β2C (2αC − 1) = 2
(∑
C
β2CαC − 1
)
=
∑
C
βC
(
4α2C − 4αC + 1
)
= 4
∑
C
βCα
2
C ,
∑
C
β2CαC = 1,
∑
C
βCα
2
C = 0,
∑
C
β3C = 0. (A.21)
Finally, we consider the gravitino and gaugino sector. As discussed in Appendix B.3, cancellation of
quadratic divergences arising from the axion connection in the gaugino covariant derivative, which
is defined as
DµλaL = (∂µ + Zµ − iΓµ + ℓµ)λaL + i(Tc)abAcµλbL,
DµλaR = (∂µ + Zµ + iΓµ + ℓµ)λaR + i(Tc)abAcµλbR, (A.22)
where Γµ is the Ka¨hler U(1)K connection defined in (B.51), and
ℓλ =
1
24
ǫµνρσγµγνγργσ
∂λy
2x
(A.23)
is the “vector” axion connection. Note that although the gauge representation is real, we have,
instead of (A.10), (
G+µν
)a
b
= −Kcb
(
G−µν
)c
d
Kda + 2 (Zµν + ℓµν) δ
a
b ,(
D+µ
)a
b
= −Kcb
(
D−µ
)c
d
Kda +Kda∂µKdb + 2 (Zµ + ℓµ) δ
a
b , (A.24)
where ℓµν is the field strength associated with the connection ℓµ, and Kab = xδab, so
Kbc(Te)
c
dK
da = (Te)
b
a = (T
T
e )
a
b = −(Te)ab . (A.25)
We therefore identify J± in (A.4) as J±µ = ±iΓµ+ iT ·Aµ. The contribution from Γµ alone to (A.4)
is included in the sum rule (A.16). It remains to cancel the gaugino contribution proportional to
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ΓµCa, where Ca is the adjoint Casimir. From (3.39) and (B.51) we have the following contribution
from ϕa, ϕˆa, ϕ˜a:
Ca
[∑
γ
ηϕγ (Γµ − ∂µy/2x) +
∑
γ
ηϕˆγ (∂µy/2x− Γµ)−
∑
γ
ηϕ˜γ Γµ
]
, (A.26)
which cancels the gaugino contribution provided∑
γ
ηϕγ =
∑
γ
ηϕˆγ =
∑
γ
ηϕ˜γ = 1, (A.27)
in accordance with the overall constraint∑
γ
ηϕγ +
∑
γ
ηϕˆγ +
∑
γ
ηϕ˜γ = 3, (A.28)
needed for the cancellation of gauge and gaugino one-loop logarthmic divergences that arise from
their gauge couplings [1, 3].
Additional constraints on the PV sector required to cancel the remaining contributions to (A.4)
from PV chiral supermultiplets that regulate chiral matter loops are discussed in Appendix D.
B Chiral Anomalies
B.1 Chiral anomaly analysis in the regulated theory
The chiral anomaly arises from the helicity odd part of the fermion determinant
T− =
1
2
[Tr lnM(γ5)− Tr lnM(−γ5)] , M = −i 6D +M, (B.1)
in which the axial connection appears explicitly. In [1]–[3], explicit cancellation of ultraviolet
quadratic and logarithmic UV divergences in (A.1) was shown to be possible by the introduction
of the PV fields discussed in Section 3. In the previous appendix we found additional constraints
that insure cancellation of most linear divergences. We defer to Appendix B.3 the discussion of
residual linear divergences that are associated with the gauge-gravity-dilaton sector.
In this section we outline a check that, in the absence of linear divergences, the anomaly appears
only through the noncovariance of the PV masses, and show that the “consistent anomaly” of YM
theory is recovered under appropriate assumptions. Under an infinitesimal chiral transformation
Θ→ e−iγ5φΘ, δΘ = −iγ5φΘ, (B.2)
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where Θ = (ψµ, λ
a, Lχp + Rχp¯, α) is a 2N + 4NG + 10 component Majorana spinor
18, we have
M→M+ δM, δTr lnM = TrM−1δM, and (B.1) is shifted by
δT− =
1
2
[
TrM−1(γ5)δM(γ5)− TrM−1(−γ5)δM(−γ5)
]
. (B.3)
Using the methods developed in Appendix A of [17] the corresponding shift in the Lagrangian can
be cast in the form
δL ∋ − i
2
δT− = −i
∫
d4p
4(2π)4
[T (γ5)− T (−γ5)] ,
T (γ5) ≡ T = Tr
∞∑
ℓ=0
(−R)ℓδR, (B.4)
where now the trace is over only Dirac indices and internal quantum numbers, and Lorentz indices
for the gravitino, and
R = 1−p2
[
p2 − T µν∆µ∆ν − i
2
Gˆ · σ +X + Pµν (pν + Gν) M̂µ
]
,
∆µ = pµ + Gµ + δµ
δR = 1−p2Pµν (p
ν + Gν) N̂µ = 1−p2 pµN
µ +O
(
∂
∂p
)
. (B.5)
The operators in these expression are given in Appendix F.4 as covariant derivative expansions.
Specifically, T µν ,X, Pµν , δµ and Gµ, Gˆµν are expansions in covariant derivatives of, respectively, the
space-time curvature tensor19 and the field strength Gµν acting on fermions:
G±µν = [D±µ ,D±ν ] = G±µν + Zµν + iGLµνγ5, Zµν = −
1
4
rρσµνγ
ργσ, (B.6)
where +(−) refers to right(left)-handed fermions, and G±µν , GLµν are unit matrices in Dirac space.
GL contributes only through loops in the gaugino-gravitino-dilatino sector. In addition we defined
Nµ = −
(
Rγµiδ 6D+R −RγµδML
−LγµδM¯R Lγµiδ 6D−L
)
, Mµ =
(
0 RγµML
LγµM¯R 0
)
, (B.7)
and T (−γ5) is obtained from T (γ5) by the substitutions (D+,D−,M, M¯ )→ (D−,D+, M¯ ,M), with
M =M0 +Mµνσ
µν . (B.8)
18The chiral fermion α is an auxiliary field used to implement gravitino gauge fixing [16].
19There is a sign error in the third and second terms, respectively, of the expressions for Tµν and X in Eq. (A.19)
of [17].
45
The matrix Mµν has nonvanishing elements only between the gauginos λ and either the dilatino χ
S
or the auxiliary field α introduced to fix the gravitino gauge [16, 17]. Under the chiral transformation
(B.2),
δD±µ = ±i
[
D±µ , φ
]
, δM¯ = i{M¯ , φ}, δM = −i{M,φ}. (B.9)
In order to evaluate the light quark contribution to the chiral anomaly, we must resum the derivative
expansion of [17]. This resummation can be expressed in terms of the action of the operators in
(B.1) on a function of momentum:
Fˆ f(p) = f(p− iD)F, Gµf(p) =
∫ 1
0
dλλ
∂
∂pρ
f(p− iλD)Gρµ,
Tµνf(p) = gµν − 2
∫ 1
0
dλλ(1− λ) ∂
2
∂pρ∂pσ
f(p− iλD)rµρσν +O(r2), (B.10)
and, by partial integration
f(p)Fˆ = f(p+ iD)F, f(p)Gµ = −
∫ 1
0
dλλ
∂
∂pρ
f(p+ iλD)Gρµ,
Tµνf(p) = gµν − 2
∫ 1
0
dλλ(1 − λ) ∂
2
∂pρ∂pσ
f(p+ iλD)rµρσν +O(r
2), (B.11)
where F is any local field operator.
First neglecting GL and Mµν , the anomaly is mass-independent and arises from terms of order p
−6
in (B.1). Writing
Tn =
1
2
∫
d4p
(2π)4
Tr {[R(γ5)]n δR(γ5)− [R(−γ5)]n δR(−γ5)} =
∫
d4p
(2π)4
tn, (B.12)
we have T0 = 0, and we only need to evaluate t1 ∼ p−3 and t2 ∼ p−5. Since T2 is finite we can
evaluate it directly using (B.10) and (B.11). This is a local operator which is bilinear in the field
strength Gµν . Since it is independent of momenta we can set one external momentum to zero.
That is, in the product GρσG′µν we first set DλGρσ = 0 and then D′λG′µν = 0, and take the average.
This trick considerably simplifies the calculation and, using standard Feynman parameterization
techniques and the Bianchi identities, and dropping total derivatives:
Tr(GGDφ)→ −Tr[φD(GG)], (B.13)
we find that the various contributions cancel:
T2 = 0. (B.14)
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Since T1 has logarithmically divergent contributions, we must explicitly cancel them against one
another before using integration by parts or shifts in the integration variable. To this end we first
rewrite
Tr(GDφ)→ −Tr(φDG) (B.15)
and
[Dν , ∗Gˆµν ] = i[Gˆ
ν , ∗Gˆµν ] =
i
2
ǫµνρσ [Gˆ
ν , Gˆρσ ], (B.16)
where
Gˆµf(p) =
∫ 1
0
dλ
∂
∂pρ
f(p− iλD)Gρµ, f(p)Gˆµ = −
∫ 1
0
dλ
∂
∂pρ
f(p+ iλD)Gρµ. (B.17)
Using this result in the expression for T1 that contains a factor σ · Gˆ one finds the contribution
− i
2
δT− = +
i
2
T1 =
1
16π2
(
G · G˜φ
)
. (B.18)
In the regulated theory, we have to subtract a contribution with −p2 → −(p2−m2) in the denom-
inators in (B.5), and drop the terms that vanish in the limit m2 →∞. Using
GρνG˜′µν =
1
2
G · G˜′gρµ − G˜µνG′ρν , DµG˜µν = 0, (B.19)
and assuming [m2, G] = 0 we get a contribution
t1(m
2)− t1(0) = −8Tr
∫ 1
0
dλ
[
pρp
µ
(p2 −m2)3G
ρνG˜µν +
G˜µνGρν
(p2 −m2)2
(
pµp
ρ
p2 −m2 −
gρµ
2
)]
φ
= −4Tr
∫ 1
0
dλ
[(
p2
(p2 −m2)3 −
1
(p2 −m2)2
)
G · G˜φ
]
= −4Tr
∫ 1
0
dλ
(
m2
(p2 −m2)3G · G˜φ
)
,∫
p
[
t1(m
2)− t1(0)
]
= +
i
8π2
Tr
(
G · G˜φ
)
,
∫
p
≡
∫
d4p
(2π)4
(B.20)
and we recover (B.18)
− i
2
δT− = +
i
2
∫
p
[
t1(0) − t1(m2)
]
=
1
16π2
(
G · G˜φ
)
=
i
2
∫
p
t1(0), (B.21)
which is the standard result for the contribution from renormalizable gauge couplings with G±µν →
∓iT ·Fµν . However there are additional contributions from the PV sector when [m2, G] 6= 0, as we
will see in Section B.2.
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The space-time curvature term in T1 has two contributions. Those arising from ZµZ
µ and (T µν −
gµν){pµ, Zν} are UV finite and may be straightforwardly evaluated as described above. After
dropping a total derivative as in (B.15), the remaining contribution reduces to
1
p2
Tr
(
{pµ, [Dν , Zµ]} 6p
p2
γνγ5φ
)
. (B.22)
To evaluate this we adopt the convention that all p-derivatives act to the left so that[
∂
∂pα
, pβ
]
= −gαβ , (B.23)
and we define
Cµν = [Dµ,Dν ] = [∇µ,∇ν ] + Zµν . (B.24)
Then writing
{pµ, Zµ} = 2pµZµ + [Zµ, pµ] , (B.25)
the first term drops out of (B.22) because
pµ
p2
Zµ =
2pµpρ − p2δµρ
p4
∑
m=0
∫ 1
0
dλ
λ
m!
(
−iλD · ∂
∂p
)m
Zρµ = 0 (B.26)
by symmetry, and we obtain
[Zµ, p
µ] = i
∫ 1
0
dλλDµZµ(λ) +
∫ 1
0
dλλ
∫ λ
0
dηη [Cµ(η), Zµ(λ)] , (B.27)
where if G = Z,C
Gµ(λ)f(p) =
∂
∂pρ
f(p− iλD)Gρµ,
f(p)Gµ(λ) = − ∂
∂pρ
f(p− iλD)Gρµ. (B.28)
Finally, using (B.17) we obtain
[Dν , [Zµ, p
µ]] = −
∫ 1
0
dλλ2
∫ λ
0
dη [Cν(η),D
µZµ(λ)] + i
∫ 1
0
dλλDνD
µZµ(λ)
+
∫ 1
0
dλλ
∫ λ
0
dηη ([Cµ(η),DνZµ(λ)] + [DνC
µ(η), Zµ(λ)]) . (B.29)
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Evaluating this contribution by the above procedure and combining all three contributions gives
δT = −
∫
p
t1 =
i
192π2
r · r˜Trφ, − i
2
δT =
1
384π2
r · r˜Trφ
r · r˜ = 1
2
ǫµνρσrρστλr
τλ
µν . (B.30)
It is straightforward to check that there is no contribution to this term when p2 → p2 −m2 in the
denominators of R, δR in (B.5).
In the following section we will see that the remaining terms of the “consistent anomaly” [26] will
emerge when we include all the contributions from the PV sector.
B.2 Full PV contribution
In this section we consider PV fields with no spin-dependent mass terms. Then the only relevant
mass is the PV mass m, and MPV is given by (A.7) of [17] with L = 0, M = 0, m = mPV . To
evaluate (B.1) we follow (A.13) of [17], but take M0 =MPV (−m,−~σ). Then we have
RPV = 1−p2 +m2
[
p2 −m2 − T µν∆µ∆ν + mˆ2 + hˆ+X − î6Dm] ,
δRPV = 1−p2 +m2 (pµN
µ +N) +O
(
∂
∂p
)
, (B.31)
with δM → δm in Nµ, defined in (B.7), and
6Dm =
(
0 R[6D+m−m 6D−]L
L[6D−m¯− m¯ 6D+]R 0
)
≡
(
0 R 6DmL
L 6Dm¯R 0
)
, (B.32)
N = −
(
Rmδm¯R −iRmδ 6D−L
−iLm¯δ 6D+R Lm¯δmL
)
, m2 =
(
Rmm¯R 0
0 Lm¯mL
)
. (B.33)
First consider chiral fermion contributions to the space-time curvature term. The only contribution
from the PV sector that is not suppressed by m−2 comes from the replacement 6piδ 6Dφ→mδm in
the term involving ZµZ
µ, giving
δTPV = −
∫
p
tPV1 =
r · r˜
192π2
Trη
1
4
(
m¯−1δm¯−m−1δm) ,
− i
2
δTPV = − r · r˜
384π2
Trη
i
4
(
m¯−1δm¯−m−1δm) , (B.34)
and the total contribution from light and heavy modes is
− i
2
(
δT + δTPV
)
= − r · r˜
16π2
1
24
Tr
[
1
2
(
φ+ − φ−)+ i
4
η
(
m¯−1δm¯−m−1δm)] , (B.35)
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where for a chiral transformation defined by (B.2) φ+ = −φ− = −φ. If the PV masses were modular
covariant they would satisfy
δm¯ = i(φ−m¯− m¯φ+)→ i{m¯, φ}, δm = i(φ+m−mφ−)→ −i{m,φ}, (B.36)
and the regulated theory would be anomaly free, provided (A.9) is satisfied. If we define
dm¯ = δm¯− i{m¯, φ}, dm = δm+ i{m,φ}, , (B.37)
the total contribution from light and heavy modes reads, setting η = −1,
− i
2
(
δT + δTPV
)
= − r · r˜
16π2
1
24
Trη
i
4
(
m¯−1dm¯−m−1dm) . (B.38)
In other words, we may write
− i
2
(
δT + δTPV
)
= − i
2
(
δT + δTPVm=0
)− i
2
(
δTPV − δTPVm=0
)
= − i
2
(
δT + δTPVm=0
)− r · r˜
16π2
1
24
Trη
i
4
(
m¯−1dm¯−m−1dm) . (B.39)
The first term on the right hand side of (B.39) vanishes by virtue of (A.9), which is consistent with
the absence of linear divergences associated with the spin connection.
To evaluate the remaining contributions we have to take into account that m is a priori matrix-
valued and field dependent. Then (B.20) is replaced by
τ1 = −2Trη
(
m2
(p2 −m2)2G
µνG˜µν
1
p2 −m2 +
1
p2 −m2 G˜µνG
µν m
2
(p2 −m2)2
)
φ,∫
p
τ1(p
2) = − i
16π2
∫ ∞
0
dp2p2τ1(−p2)
=
i
8π2
Trη
∫ ∞
0
dp2
({
G · G˜, m
2
(p2 +m2)2
}
− m
2
p2 +m2
{
G · G˜, 1
p2 +m2
}
m2
p2 +m2
)
φ
=
i
8π2
Trη
[
2G · G˜+
∫ ∞
0
dp2
∂
∂p2
(
m2
p2 +m2
G · G˜ m
2
p2 +m2
)]
φ
=
i
8π2
Trη
(
G · G˜φ
)
, (B.40)
where here and below we use a shorthand notation with φ = −φ+ = φ−, and, for example,
Trη
(
G · G˜φ
)
≡ 1
2
Trη
[(
G+ · G˜+ +G− · G˜−
)
φ
]
. (B.41)
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That is, we average over helicities with the convention that
Oφ ≡ −1
2
(
O+φ+ −O−φ−) = 1
2
(
O+ +O−
)
φ. (B.42)
If δm 6= 0, there is another contribution with 6piδ 6Dφ→ mδm:
σ′2 =
1
4
Trη
(
σµν
p2 −m2Gµν
)2 1
p2 −m2mδmγ5
= 2iTrη
1
p2 −m2 G˜µν
1
p2 −m2G
µν 1
p2 −m2mdm
−2Trη
{
m,
1
p2 −m2 G˜µν
1
p2 −m2G
µν 1
p2 −m2
}
mφ. (B.43)
These are the only contributions if [Dµ,m] = 0; in this case [G,m] = 0, and if also dm = 0 this
reduces to
TPV2 →
∫
p
σ′2 →
∫
p
τ1 = T
PV
1 , T1 − T2 → 0, (B.44)
as expected. The remaining contributions involve covariant derivatives on the mass matrix. Writing
TPVn = −
1
2
∫
p
Trη {[R(γ5)]n δR(γ5)− [R(−γ5)]n δR(−γ5)}PV =
∫
p
(τn + σn) , (B.45)
where τn and σn are the contributions without and with, respectively, a factor δm. They take the
general form
τn = Trη (O
τ
n 6Dφ)→ −Trη ([6D,Oτn]φ) ,
σn = Trη (O
σ
nδm) = Trη (O
σ
ndm) + iTrη ({m,Oσn}φ) . (B.46)
Using relations such as
6D2m = D2m− i
2
[σ ·G,m],
[6D,m2] = {m, 6Dm}, [6D,P ] = {m,P [6D,m]P},
P
∂
∂p
·Dm2P = ∂
∂p
· [D,P ] + 2P [p ·D,P ] = [D,P ] · ∂
∂p
− 2[p ·D,P ]P,
{m,P [G,m]P} = [G,P ], P = 1
p2 −m2 , (B.47)
it is possible to show that ∑
n
τn +
∑
n
σn =
∑
n
Trη (Oσndm) . (B.48)
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As a check of our anomaly calculation, consider the case with constant PV masses such that
[D,m2] = [G,m2] = δm = 0. Then σi = 0 and
τ2 = −Trη
[
Pî6Dm]2 P 6p[6Dφ]γ5 + 1
2
Trη {P [6D,m], Pσ ·G}Pm[6D,φ]γ5
= −2TrηP 3m2P [G˜µν ,m][Gµν ,m]φ− 2TrηP 3
{
[G˜µν ,m], Gµν
}
mφ
−2Trηp2P 4[G˜µν , [Dµ,m]][Dν ,m]φ+ 4TrηP 2
{
[Dµ,m], G˜µν
}
[Dν ,m]φ
+2TrηP 3[Dµ,m][Gµν , [Dν ,m]]
(
p2P − 2)φ,
τ3 = Trη [Pi 6Dm]3 Pm[6D,φ]γ5
= −4TrηP 4{[G˜µν ,m],DµmDνm}mφ+ 4TrηP 4Dµm[G˜µν ,m]Dνmmφ
+4ǫµνρσTrηP 4DµmDνmDρDσmφ. (B.49)
The covariant derivative on chiral fermions is given in (A.6) with
J±µ = Γ
±
µ ∓ iΓµ ∓ iT± · Aµ, T+ = (T−)T = (T−)∗, (B.50)
where Aµ is a gauge field and
Γµ =
i
4
(
KiDµzi −Km¯Dµz¯m¯
)
,
(
Γ−µ
)p
q
= ΓpqkDµzk =
[(
Γ+µ
)p¯
q¯
]†
. (B.51)
are the Ka¨hler U(1) and reparameterization connections, respectively. It follows from gauge invari-
ance of the Ka¨hler potential that
Kim¯(D
+
µ )
m¯
n¯ K
n¯j = (∂µ + Zµ)δ
j
i − (J−µ )ji . (B.52)
For chiral fermions the field strength Gµν can be expressed in terms of the general two-forms Tµν
defined20 in (E.2); explicitly:(
G−µν
)p
q
=
1
2
Xµνδ
p
q + iF
a
µν(Ta)
p
q − Γpqµν ,(
G+µν
)n¯
m¯
= −Kpm¯Kqn¯
(
G−µν
)p
q
, Xµν = Kµν . (B.53)
For constant masses we have
[Dµ,m] = [Jµ,m] = [aµ,m], Jµ = jµ + aµ =
(
J+µ 0
0 J−µ
)
, (B.54)
20The two-forms Tµν used here and below should not confused with the tensor T
µν introduced in the derivative
expansion in (B.5) and defined in (F.27).
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where aµ is the connection associated with the anomalous symmetry:
[jµ,m] = {aµ,m} = 0, Gµν = gµν + aµν , [gµν ,m] = {aµν ,m} = 0. (B.55)
For the helicity components of these matrices, this gives
ma−µν = −a+µνm, a−µνm¯ = −m¯a+µν , mg−µν = g+µνm, g−µνm¯ = m¯g+µν , (B.56)
and we obtain in this case
T2 =
i
12π2
Trη (a˜µνaµνφ)
+
i
3π2
Trη [({g˜µν , aµaν}+ aµg˜µνaν + {a˜µν , aµaν} − aµa˜µνaν)φ]
T3 =
i
3π2
Trη [({a˜µν , aµaν} − aµa˜µνaν)φ]
+
2i
3π2
ǫµνρσTrη (aµaνaρaσφ) . (B.57)
Terms linear and cubic in a drop out of δT =
∑3
n=1(−1)nTn, and, provided there is a PV particle
with negative signature, η = −1, for every light particle, we recover the standard [26] result:
− i
2
δT =
1
16π2
Trφ
(
g · g˜ + 1
3
a · a˜+ r · r˜
24
−8
3
[{g˜µν , aµaν}+ aµg˜µνaν ] + 16
3
ǫµνρσa
µaνaρaσ
)
. (B.58)
B.3 Gauge, gravity and dilaton sector: nonrenormalizable operators
In the preceeding subsections the cancellation of linear divergences was implicitly assumed, that is,
we assumed
δT = −δTPVm=0, Tr(φG · G˜)light = −Tr(ηφG · G˜)PV, (B.59)
However contributions from nonrenormalizable interactions to the gaugino and gravitino connec-
tions, including an additional curvature term in the gravitino connection and [17] an off-diagonal
gravitino-gaugino connection, do not have counterparts in the PV sector. These have to be treated
separately. The contribution from the gravitino field strength:
Tr (g · g˜)ψ ∋ −rr˜ (B.60)
leads to the contribution (4.26) to the chiral anomaly. There is a an additional contribution from
the off-diagonal gaugino-gravitino connection; the corresponding field strength gµν has terms linear
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and quadratic in the Yang-Mills field Fµν . The terms quartic in Fµν cancel between gaugino and
gravitino loops:
g · g˜ ∋ ±x
2
2
ǫµνρσF
αρ
a F
a ν
β F
σ
bα F
bβµ for
{
λ
ψ
. (B.61)
The remaining contribution takes the form
Tr (g · g˜)λ+ψ ∋ 4
[
Dµ (√xF ρνa )Dρ (√xF˜ aµν)−Dρ (√xF ρνa )Dµ (√xF˜ aµν)]
+2xF˜µνa F
a
ρσr
ρσ
µν − xrF aµν F˜µνa − 4xcabcF˜ cµνF aρµF b νρ
= 4Dµ
(
xF ρνDρF˜µν
)
. (B.62)
The second expression on the right hand side of (B.62) is obtained from the first by using the
identities (B.19) and [17]
F˜ aµν [Dµ,Dρ]F ρνa = −F aµν [Dµ,Dρ]F˜ ρνa = cabcF˜ aµνF bµρF cνρ + rµν F˜ aµρF νρa −
1
2
r ρσµν F˜
µν
a F
a
ρσ , (B.63)
The contribution from (B.62) to the chiral anomaly is given in (4.34). As described in Section 4.1,
these anomalies arise from uncanceled linear divergences that have counterparts in uncanceled
logarithmic divergences which are total divergences, and so do not affect the finiteness of the S-
matrix, but the resulting anomalies form superfields provided the the cut-off has the form (1.1).
The field strength GL in (B.6) arises from a term in the gaugino connection, iγ5Lµ = −iγ5∂µy/2x,
that, as was shown in [1], must be defined as a “vector” (rather than an “axial vector”) connection,
through the use of the identity
γ5 = (i/24)ǫ
µνρσγµγνγργσ, (B.64)
in order to allow Pauli-Villars regularization of the quadratic divergences. This choice further
insures that the nonrenormalization [28] of the topological charge, θ = 8π2y, is consistent with
linear-chiral multiplet duality [38] for the dilaton supermultiplet, and preserves [12] the modified
linearity condition in the linear multiplet formulation. Since BRST invariance requires (and super-
symmetry allows) the regulation of nonabelian multiplet gauge loops by PV chiral multiplets, it is
clear that only the chiral multiplet axial connections can appear in the anomalies associated with
the regulated pure Yang-Mills sector. As a result, contributions from δLµ are absent
21 from δR.
The operator T− is defined in such a way that the contribution to the anomaly involving only G
L,
21In Feynman diagram language the gaugino-loop contribution to the Lµ anomaly arising from a shift in the axion
y is canceled by a gauge vector loop contribution [39].
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and G is proportional to
1
2
Tr
{[(
[G+ + iγ5GL] · σ)2 + ([G− + iγ5GL] · σ)2] γ5φ}
= Trφ
{[
(g · σ)2 + (a · σ)2 − (GL · σ)2] γ5 + i{(g · σ), (GL · σ)}} . (B.65)
From the expressions for the field strengths given in Eq. (C.18) of [17], it is easy to see that the
traces involving GL vanish identically in the above expression. Those involving only G have already
been taken into account. In particular, the dilatino χS , gauginos λ and gravitino ψ transform only
under modular transformations:
χS → e i2 ImFχS , λ→ e− i2 ImFλ, ψ → e− i2 ImFψ. (B.66)
To fix the gravitino gauge, we follow [16, 17] and introduce an auxiliary field α that transforms like
a chiral fermion: α → e i2 ImFα. With this procedure, the ghostino makes no contribution to the
chiral anomaly, but we must include the contribution of the auxiliary field.
The fields in this sector are U(1)X -neutral, and λ transforms under modular transformations with
the opposite phase from the phase of χS , α. Therefore the masses (B.8) are modular invariant, and
terms quadratic or quartic inM ·σ and linear in φ cannot contribute to (B.1); the only nonvanishing
contributions involve the additional, modular invariant, connections iγ5Lµ and (Γ
±)SS . The λ-α,λ-
χS matrix elements (B.8) satisfy [17]
M0 = M
T
0 , Mµν = −MTµν , M0λα = −M¯0λα, Mµνλα = M¯µνλα
0 = MµνλχM¯
λχ
µν , M˜
µν
λχ = iM
µν
λχ ,
˜¯M
µν
λχ = −iM¯µνλχ , M0λχ = −M¯0λχ. (B.67)
The contributions to the anomaly that may arise from these masses can be determined by identifying
local operators that could be obtained from the terms of order p−6 in the expansion (B.1). The
masses in (B.67) are gauge invariant and modular covariant:
δM¯ = i
(
M¯φ+ φM¯
)
= 0 (B.68)
because φχ = φα = −φλ = 12ImF . Then since only even powers of M can occur, the a priori
possibilities are T2,3,4 with
Ti =
1
2
∫
d4p
(2π)4
Tr (ti + h.c.) ,
t2 = − 1
p2
( 6p+ 6G) M̂ 1
p2
( 6p+ 6G) ̂¯M 16p 6Dφγ5 ≡ t∞ + t′2, t∞ = − 1p2 6pM̂ 1p2 6p̂¯M 16p 6Dφγ5,
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t3 = −
[
1
p2
(
{Gµ, pµ}+ i
2
Gˆ · σ
)
1
6pM̂
1
6p
̂¯M + permutations] 16p 6Dφγ5,
t4 = −
(
1
6pM̂
1
6p
̂¯M)2 16p 6Dφγ5. (B.69)
Because Mµνaα(χ) = cα(χ)F
µν
a , no Lorentz and gauge invariant operator can be constructed from
M2µνGρσφ or from three factors of Mµν in the trace. The only invariant involving the space-time
Riemann tensor has two factors of Mµν and vanishes due to (B.67). Then from power counting in
pµ ∼ Dµ, we can get the following local operators:
T4 ∝ Tr
(
MM¯MM¯ + h.c.
)
φγ5 = 0,
T3 ∼ t′2 ∼ Tr
(G+µνMµνM¯0 + G−µνM¯µνM0 + permutations + h.c.)φ. (B.70)
Terms even Mµν cancel between λ and α, χS . For the odd terms, from (B.67) we have
MµνλαM¯
αλ
0 + M¯
µν
λαM
αλ
0 = 0, (B.71)
and (
MµνM¯0 +M0M¯
µν
)
λλ
+ h.c. =
(
MµνM¯0 +M0M¯
µν
)
χχ
+ h.c. = 0. (B.72)
It follows that T4 vanishes, as does any term with Gµν real. A part that is not real is Xµν which
cancels between λ and α, χS . There are also terms with G
±
λ → iγ5GL, G±χ → ∓iGL, where
GLµν =
1
2x
(∂µx∂νy − ∂νx∂µy) . (B.73)
Since for these contributions
G+χR = −G+λR, G−χL = −G−λ L, (B.74)
if we keep explicit the helicity projection operators in the expressions (B.5), it becomes clear that
these also cancel. The divergent piece t∞ in (B.69) is proportional to a total derivative, as we will
explicitly display below.22
Next consider the PV sector. The λ-θ PV mass that is generated by the supersymmetric Higgs
mechanism, satisfies
δm = 0, φλ = −φχ = −1
2
ImF, dm = −i{φ,m} = 0, (B.75)
22See (B.79) for m2 = 0; (B.81) vanishes identically in this case.
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and there are no linear divergences or residual anomalies generated by λ,θ loops. The divergent
contribution t∞ is regulated by the coupling of λ0 to ϕˆ defined by (3.33), giving rise to masses
Mλ0ϕˆa
−
of the form (B.8) which have the same properties (B.67) as Mλχ. Nµ is still defined as in
(B.31) since δM = 0, but RPV contains an additional term
{mˆ+ (pν + Gν)Pµνγµ} M̂ (B.76)
inside the square brackets. Under a chiral modular transformation the phases satisfy (B.75) pro-
vided the PV masses m are constant. Since MmM = δm = 0, for constant masses the only
potentially nonvanishing contribution analogous to (B.69) is
t2 = − 1
p2 −m2
(
6p̂¯M 6p
p2 −m2 M̂ 6p+ m¯M̂
6p
p2 −m2
̂¯Mm) 1
p2 −m2 6Dφγ5. (B.77)
Terms in (B.77) with no factor of σ ·M vanish identically; evaluation of the terms with one of σ ·M
gives
T2 = 4
∫
d4p
(2π)4
p2
(p2 −m2)
[
iTrη
(
DµM˜
µν 1
p2 −m2 M¯0 + M˜
µν 1
p2 −m2DµM¯0
−DµM0 1
p2 −m2
˜¯Mµν −M0 1
p2 −m2Dµ
˜¯Mµν)+ h.c.]DνImF, (B.78)
T2 ∋ 4
∫
d4p
(2π)4
p2
p2 −m2Dµ
[
iTrη
(
M˜µν
1
p2 −m2 M¯0 −M0
1
p2 −m2
˜¯Mµν)+ h.c.]DνImF
= total derivative, (B.79)
since
2DνDµ
(
MµνM¯0
)
=
[
G+νµ,M
µνM¯0
]
= 0. (B.80)
Note that the coefficient of the divergent integral in (B.78) is just the variation of the first line
of the expression for TrR2R5 in (B.29) of [17]. The condition on
∑
ηe2 in (3.35) assures that
the divergence is canceled. Finally, taking into account the symmetry properties (B.67), terms
containing two factors of σ ·M vanish in the limit of equal PV masses: m2λ0θ0 = m2χχˆ, and we get
a contribution
− i
2
T2 =
ImF
16π2
f(r)Dµ
(
xF ρνDρF˜µν
)
, r = m2λ0θ0/m
2
χχˆ, f(1) = 0. (B.81)
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The function f(r) takes all possible values −∞ ≤ f(r) ≤ ∞ over the range 0 ≤ r ≤ ∞; therefore
the PV mass ratio can be chosen so that (B.81) exactly cancels the contribution (B.62) from the off-
diagonal gaugino-gravitino connection. Since the PV regularization procedure respects supersym-
metry, the conformal anomaly necessarily includes the supersymmetric completion, proportional to
(4.35), of (B.81), and the contribution (4.36) can thus be cancelled. Therefore in the following sec-
tion we include only PV fields that have noninvariant PV masses through superpotential couplings
to one another.
C The full anomaly
In this appendix we calculate the full contribution to the anomaly that is generated by superpo-
tential couplings of PV chiral superfields resulting in noninvariant masses.
The one-loop effective action from chiral multiplet loops is given by
S1 =
i
2
Trη ln
(
Dˆ2Φ +HΦ(m)
)
− i
2
Trη ln [−i 6DΘ +MΘ(m)] , (C.1)
where the subscripts Φ and Θ denote scalar and fermion loops, respectively. We require that
under an infinitesimal transformation on superfields Z(θ) → Z ′(θ′) = g(θ)Z(θ), such that δΦ =
φΦΦ, δΘ = φΘΘ,
δS1 = S1(m+ dm)− S1(m) = i
2
STrη[1 + (1 +R)−1dR] = i
2
STrη
4∑
n=0
(−R)ndR, (C.2)
where
dmΘ = e
−φΘm(z′, V ′X)e
φΘ −m(z, VX ) = δm− [φΘ,m] = m˜−m
=
(
0 (δm− φ+Θm+mφ−Θ)R
(δm¯− φ−Θm¯+ m¯φ+Θ)L 0
)
=
(
0 dmL
dm¯R 0
)
(C.3)
dmΦ = e
−φΦm(z′, V ′X)e
φΦ −m(z, VX) = δm− [φΦ,m]
=
(
0 (δm− φ+Φm+mφ−Φ)
(δm¯− φ−Φm¯+ m¯φ+Φ) 0
)
. (C.4)
Here we define, using the notation introduced in (B.5) and (B.31), with now δ 6D → 0, δm→ dm,
STrFdR = Tr(FdR)Φ − Tr(FdR)Θ, (C.5)
RΦ,Θ = 1
p2 −m2
[
T µν∆µ∆ν − Hˆ −X − p2 +m2
]
Φ,Θ
, (C.6)
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dRΘ = − 1
p2 −m2 [− 6p +MΘ(m)] dm, (C.7)
dRΦ = − 1
p2 −m2
[
e−φΦHΦ(z
′, V ′X)e
φΦ −HΦ(z, VX )
]
. (C.8)
We argued in Section 4.1 that fields ΦP with couplings in W2, or with Ka¨hler curvature terms
RPm¯Qn¯ 6= 0, must have modular and U(1)X invariant masses. Then MΘ(m) = m, and Hˆ,Gµ are
given by the derivative expansions of Appendix A of [17] in terms of the following operators:23
HΦ =
(
h¯+∆H¯ h′
h¯′ h+∆H
)
, HΘ =
(
h¯R 0
0 hL
)
− i
2
σ · GΘ − i[6D,m], (C.9)
(∆H)QP = δ
Q
P
(
Vˆ +M2
)
+RQPm¯k
(
e−KA¯kAm¯ +DµzkDµz¯m¯
)
+
1
x
DaDP (T az)Q, (C.10)
h = m¯m, mPQ′ = δPQe
K/2µP , (C.11)
h′PQ = e
−K
(
A¯kDk − A¯
)
eK/2mPQ − (qPX + qQX)FXmPQ, FX = −
1
4
D2VX
∣∣∣∣ ,(C.12)
DµmPP ′ = Dµzq
[
mPP ′ (Kq + ∂q lnµP )−mQP ′ΓQPq −mPQ′ΓQ
′
P ′q
]
+iAXµ
(
qAX + q
P ′
X
)
mPP ′, (C.13)
[6D,m] =
(
0 6DmL
6Dm¯R 0
)
, GΘµν = GΦµν + Zµν − γ5Γµν , (C.14)
where indices are raised and lowered with the Ka¨hler metric, the operator A and its covariant
derivatives are defined in Section 2 [see (2.3)], Zµν is defined in (B.6), and
Γµν =
1
2
(Dν z¯m¯Dµzi −Dµz¯m¯Dνzi)Kim¯ = 1
2
Xµν , (C.15)(
GΦ−µν
)P
Q
= iF aµν(Ta)
P
Q − ΓPQµν = −KPM¯
(
GΦ+µν
)N¯
M¯
KN¯Q, a 6= X, (C.16)
are the field strengths associated with the Ka¨hler and reparameterization + gauge connections,
respectively. The expression for dRΘ is obtained using the methods of Appendix A of [17], with
R5 → dR, M0 →M4(−M,−~σ). Since dR appears only on the far right in (C.2), we can drop all
momentum derivatives in the resulting operator.
23In the interest of simplification we have evaluated the component Lagrangian in WZ gauge for VX : VX | = FX = 0,
since the regulated theory, including counterterms, must be U(1)X gauge invariant. However we have left explicit the
FX term in (C.12) because it gives a contribution to dmΦ through FX → FΛ = −
1
4
D2Λ if VX → Λ + Λ¯. This term
arises from mixed FPFX terms in the Lagrangian when Ka¨hler potential terms take the form e
qP
X
VX f(Z, Z¯)|ΦP |2.
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For a gauge transformation φ±Φ = φ
±
Θ. Now consider a Ka¨hler transformation that is induced by a
chiral field redefinition:
Z ′p(θ) = fp[Z(θ′)], W ′ = e−FW, K ′ = K + F + F¯ , θ′ = e
i
2
ImF θ. (C.17)
For an infinitesimal transformation
dZ ′p =
∂fp
∂Zq
dZq ≈ dZp + (φ−)pqdZq. (C.18)
Then for example if K(Zp) is the light field Ka¨hler potential, the corresponding light loop diver-
gences can be canceled by PV fields ZP with Ka¨hler potential
KPV = Z
P Z¯Q¯Kpq¯, (C.19)
which is modular invariant provided
δZP = (φ−)pqZ
Q (C.20)
under C.17. This gives
δzP = (φ−)pqz
Q, δχP = (φ−)pqχ
Q +
i
2
ImFχP + (∂kφ
−)pqz
Qχk. (C.21)
Since the last term does not contribute to the effective bosonic Lagrangian that we are evaluating,
from now on we will set
φΘ = φΦ − i
2
γ5ImF = φ,
[
φ+Φ ,mm¯
]
=
[
φ+Θ,mm¯
]
. (C.22)
Then, since mm¯ = m¯m ≡ m2 for the chiral PV fields that contribute to the anomaly, we obtain
dRΦ = − 1
p2 −m2
(
dh¯Φ dh
′
dh¯′ dhΦ
)
, dRΘ = − 1
p2 −m2
(
dh¯ΘR − 6pdmL
− 6pdm¯R dhΘL
)
, (C.23)
dhΘ = m¯dm, dhΦ = dm¯m+ m¯dm, (C.24)
dh′P¯Q =
[{
e−K
(
A¯kDk − A¯
)
eK/2 − (qPX + qQX)FX
}
dm
]P¯
Q
− (qPX + qQX)FΛmP¯Q
= ϕ˜+h′P¯Q −
[
F kDkϕ˜
+ − (qPX + qQX)FΛ
]
mP¯Q, FΛ = −
1
4
D2Λ
∣∣∣∣ , (C.25)
where F k = e−K/2A¯k = −14D2Zk at lowest order in the loop expansion.
A priori the expansion (C.2) contains ultraviolet divergences which must vanish if the regulated
theory is truly finite. The quadratic divergences are contained in
STrdR = −Trη 1
p2 −m2 (dhΦ − 2dhΘ) + h.c. = 0, (C.26)
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where the trace is over internal indices only. The logarithmic divergences occur in
STrRdR = Trη 1
p2 −m2
[
−î6Dm¯ 1
p2 −m2 6pdm+
(
T µνG−ΘµG−Θν −
rˆ
4
)
1
p2 −m2dhΘ
]
L
+Trη
1
p2 −m2
[(
∆̂H − T µνG−ΦµG−Φν
) 1
p2 −m2dhΦ +
ˆ¯h
′ 1
p2 −m2dh
′
Φ
]
+Trη
1
p2 −m2
(
hˆ−m2
) 1
p2 −m2 (dhΦ − dhΘL) + h.c., (C.27)
where the traces are over both Dirac and internal indices. Since PV fields with dm 6= 0 have no
superpotential couplings and have KPVPQ = 0, there are no terms odd in m, and the logarithmically
divergent part of this expression is proportional to
Trη
[
r
2
m¯dm− (dm¯m+ m¯dm)∆H − h¯′dh′ − 1
2
D2m¯dm
]
+ h.c. (C.28)
where here the traces are over internal indices only. The expression (C.28) is just the variation of
the logarithmically divergent m-dependent part of the one loop action,24 which, under the above
assumptions, is proportional to [2]
Trη
[
{m¯m,∆H} − r
2
m¯m− 1
2
DµmD
µm¯+ h′h¯′
]
. (C.29)
The ultraviolet divergent terms that are independent of m have been constructed to cancel the
light loop divergences. We also require that the logarithmically divergent terms proportional to m2
vanish, which means that for a given functional form of m2C(z, z¯, cX), where cX = VX |,25 we have
to introduce a set of PV fields with masses
m2Cγ = ρ
C
γm
2
C(z, z¯, cX),
∑
γ
ηCγ ρ
C
γ = 0. (C.30)
This condition assures the vanishing of (C.29) and (C.28) as well as the finite terms proportional to
m2 that arise from i2TrR2dR. For the masses that are not modular and U(1)X invariant, we need
also to eliminate the residual finite terms proportional to m2 lnm2, which requires the additional
constraint ∑
γ
ηCγ ρ
C
γ ln(ρ
C
γ ) = 0. (C.31)
24There is no quadratically divergent m-dependent contribution to the one loop action S1.
25Here and throughout this appendix Φ| is the θ = θ¯ = 0 component of the superfield Φ with all fermion fields also
set to zero.
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for these masses. Both the PV masses and the functions H are controlled by the choice of Ka¨hler
metric for the PV fields, which is constrained by the requirement of cancellation of quadratic
divergences. Assuming that D2nm2 commutes with other operators if dm 6= 0, the last line drops
out in (C.27). Dropping terms that vanish as m2 →∞, the finite part of (C.27) is
− i
2
STrηRdR|finite = −Trη
1
192π2m2
{
1
2
(
G−Φ ·G−Φ
)
(dm¯m− m¯dm)−G−µνXµνm¯dm
−
[
D4m¯− 1
2
GµνG
µνm¯− 2
3
([Dµ, G
µν ] +Dµr
µν)Dνm¯
]
dm
+
1
8
(
rµνρσr
µνρσ − ir · r˜ + 2XµνXµν − 4∇2r
)
m¯dm
+
(
D2∆H
)
(dm¯m+ m¯dm) +
(
D2h¯′
)
dh′
}
+ h.c., (C.32)
where we define
Dµm¯ = D
−
µ m¯− m¯D+µ , Gµνm¯ = [Dµ,Dν ]m¯ = G−µνm¯− m¯G+µν , etc., (C.33)
and G±µν = (G
±
Φ)µν ∓ 12Xµν is defined as in (B.6). If Lm is the part of the Lagrangian that contains
the mass matrix m for PV chiral fermions fP = fPL :
mQ¯P ′ = −KQ¯R(Lm)RP ′ , (Lm)RP ′ =
∂2
∂fR∂fP ′
Lm, (C.34)
under a transformation Zp → Z ′p, φP → gφP , fP → eiαgfP , we have
m′Q¯P ′ = −e−i(α+α
′)gQ¯
M¯
KM¯R(L′m)RN ′(g−1)N
′
P ′ , (C.35)
sinceK ′PV = KPV by construction. For superpotential fermion mass terms Lm = −eK/2µPQ′χPχQ
′
,
α = 12ImF , and if under (C.17) µPQ(Z
′) = eω
PQ
i F
i
µPQ(Z), we have
L′m = −eK
′/2+iImF gPRg
M ′
Q′ µ
′
PM ′χ
RχQ
′
= −eK/2+F+ωPM
′
i F
i
gPRg
M ′
Q′ µPM ′χ
RχQ
′
,
m′Q¯P ′ = −e−iImF gQ¯N¯KN¯R(L′m)RM ′(g−1)M
′
P ′ = e
ReF+ωPM
′
i F
i
gQ¯
N¯
KN¯RgMR KMS¯m
S¯
P ′ ,
m˜Q¯P ′ = e
iImF (g−1)Q¯
N¯
m′N¯M ′g
M ′
P ′ = e
F+ωPM
′
i F
i
KQ¯RgMR KMS¯m
S¯
N ′g
N ′
P ′ , (C.36)
For the chiral PV fields ΨPγ ,Ψ
′Q
γ , Ψ = U, V,Φ, with couplings defined by (D.19)–(D.21) in Ap-
pendix D, we have
µγPQ′ = δPQµ
P
γ (T ), m
P¯
Q′ = e
K/2K P¯QµPγ (T ),
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KPQ¯ = δPQf
P
γ , KP ′Q¯′ = δPQf
P ′
γ ,
(gγ)
R
Q = δ
R
Qe
φ−Rγ , (gγ)
R′
Q′ = δ
R
Qe
φ−
R′γ . (C.37)
Explicitly
ln fPγ =
∑
n
q
Pγ
n g
n + q
Pγ
X cX , φ
−
Pγ
= −
∑
i
q
Pγ
n F
n − qPγX λ,
cX = VX | , λ = Λ| . (C.38)
where Λ is the U(1)X gauge transformation superfield introduced in (4.6) and (D.91), and qn and
qX are modular weights and U(1)X charges, respectively. Then we obtain∑
R
gRQg
R′
P ′ = e
ϕ−Pγ+ϕ
−
P ′γ δPQ, m˜
P
γ = e
∑
i F
i(1+ω
Pγ
i )+ϕ
−
Pγ
+ϕ−
P ′γmγ ≡ eϕ˜
+
PγmPγ , (C.39)
To evaluate (C.2) we need only consider fields with noninvariant masses: m˜ 6= m. In addition to
the PV superfields U, V,Φ, considered above, these include the gauge singlets φγ for which we take
ln fφγ = α
φ
γK, ϕ
−
φγ
= −αφγF, ϕ˜+φγ =
∑
i
(
1− 2αφγ + ωγi
)
F i, µφγγ′ 6= 0, (C.40)
and the adjoint chiral multiplet ϕ˜aα with
f ϕ˜α = 1, ϕ
−
γ = 0, ϕ˜
+
γ =
∑
i
(1 + ωγi )F
i. (C.41)
Let us first consider the coefficient of r · r˜ in (C.32). To evaluate this we use the conditions (3.36),
(3.37), (D.97) and (D.98). These include contributions from chiral PV fields that have covariant
masses: m˜ = m, ϕ˜± = 0; we can also include them in the sums here, since their net contribution
vanishes. However we must exclude the fields θγ ; their masses arise from D-terms rather than F-
terms. Each pair ΦP ,Φ′P
′
gives gives an identical contribution, and we remove from Trη = N ′ the
contribution N ′G =
∑
γ η
θ
γ . On the other hand, the moduli-dependent prefactors in (C.38), with,
referring to (D.19),
q
UAγ
n = α
A
γ q
A
n , etc., (C.42)
that have been chosen to cancel loop contributions from the PV fields Y˙ are not included; to
include these we use (D.22)–(D.28) and the identifications (C.42), giving the result in (D.99).
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However we also have to exclude the net contribution of all the fields26 Z˙, Y˙ ,Ψ from N ′ where
NΨ = −NY˙ = −NZ˙ = N + 2. That is, we have to add a factor N + 2 to N ′, giving
16π2√
g
δSr = − i
96
r · r˜Trη(ϕ˜− − ϕ˜+) = − 1
24
r · r˜TrηφPV = 1
24
r · r˜Trφ
= − 1
48
r · r˜
[ (
N ′ −N ′G − 2α1
)
ImF + 2TrTXaX +
∑
n
(
ωn + 2
∑
p
qpn
)
ImFn
]
=
1
48
r · r˜
[∑
n
(
N −NG − 3− ωn − 2
∑
p
qpn
)
ImFn − 2TrTXaX
]
, (C.43)
where [see (3.37)],
α1 =
∑
C
ηCα
C = −10, ωn =
∑
C
ηCω
C
n , aX = Imλ. (C.44)
Apart from the “threshold corrections” ωn(T
i), this is precisely the result in (B.30) (with the
identification φ = −ηφPV = ηφ+PV = − i2ηϕ˜−) for N chiral fermions with φp =
∑
n(
1
2 − qpn)ImFn −
qpXaX , the auxiliary fermion needed for gravitino gauge fixing [16] with φ
α = 12
∑
n ImF
n, and
NG + 4 gaugino and gravitino degrees of freedom with φ = −12
∑
n ImF
n.
To evaluate the full anomaly, we can simplify further by setting
µφαβ = µ
φ
αδαβ (C.45)
in (4.61), and imposing (D.38) and (D.118) with qU
A
X = q
UA
X .
Then for the fields with noninvariant PV masses introduced in Appendix D.4 we have
φˆ0, φˆ± : ln fφˆγ = αˆ
φˆ
γK, αˆ
0
γ = αˆ
+
γ = 0, αˆ
−
γ = 1, (C.46)
ΨP : ln fΨP =
∑
n
qPn g
n + qPXVX , q
P
n = 1− qpn + ω˙n, qNX = qIX = 0, (C.47)
ϕ˜a : f ϕ˜
a
= 1, (C.48)
and the qAX are subject to the constraints given in (D.40), (D.41) and (D.43). Here P = N, I,A,
and we identify [see (D.19)]
ΨN = Φn, ΨI = δINΦ
N , ΨA = UA, UA, V
A, qnm = 0, q
i
n = 2δ
i
n. (C.49)
26Equivalently, we remove NΨ which is already included in (D.99), and include the reparameterization + threshold
contributions from Z˙, Y˙ which exactly cancels their Ka¨hler connection contributions NZ˙ +NY˙ .
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The PV superfields ΨP , ϕ˜a and φˆγ , γ = 1, . . . , 5, have η = +1 and φˆ
±
γ , γ = 1, . . . 2N−4 has η = −1.
Using (C.45), and denoting the fields U, V,Φ, φˆ, ϕ˜ collectively by ΦC , the covariant derivative in
(C.14) reduces to
DµmCC′ =
{Dµzi [Ki + ∂i ln(µC − 2 ln fC)]− 2qX(iAXµ + ∂µcX)}mCC′
≡ 1
2
(
V Cµ + iA
C
µ
)
mCC′ ≡ V +µ mCC′ = (V −µ )†mCC′ . (C.50)
Since the Ka¨hler metric is covariantly constant: DqK
CC¯ = 0, we also have
Dµm
C¯
C′ = K
C¯CDµmCC′ , ∂i lnµC = δitnωCn ζ(tn), ζ(t) = ∂tη(t)/η(t). (C.51)
The vectors Vµ, Aµ satisfy
iACµν = i
(DµACν −DνACµ ) = 2fCµν −Xµν , DµV Cν −DνV Cµ = 0,
fCµν = ∂i∂m¯ ln fC
(DµziDν z¯m¯ −DνziDµz¯m¯)− iF aµν(Taz)iDi ln fC − 2iqCXFXµν , (C.52)
and from (C.14)–(C.16) and (C.33) we have(
G±Φ
)C
µν
= ± (fCµν − iTC · Fµν) , Fµν 6= FXµν , (C.53)(
G±Θ
)C
µν
≡ (G±Φ)Cµν ∓
1
2
Xµν = ±i
(
1
2
ACµν − TC · Fµν
)
, Fµν 6= FXµν (C.54)
GµνmC = iA
C
µνmC , Gµνm¯C = −iACµνm¯C , Gµνm¯m = 0 (C.55)
We are interested only in the variation of the on shell action. Therefore we may drop terms
proportional to
g−
1
2 gµν
∂Ltree
∂gµν
=
r
2
− 2V +Dµz¯mDµziKim¯ = r
2
− 1
2
DαXα
∣∣∣∣− 3(Vˆ +M2) . (C.56)
Then, defining
fα = PDα ln f = −1
8
(D¯2 − 8R)Dα ln f,
fPα =
∑
n
qPn g
n
α + q
P
XW
X
α , f
φˆγ
α = α
φˆ
γKα, f
ϕ˜a
α = 0, (C.57)
we have
∆HCD = δ
C
D
(
Vˆ +M2 +
1
2
DαfCα
∣∣)+ 1
x
Da(T a)CD
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= δCD
[
1
6
(r − DαXα|) + 1
2
DαfCα
∣∣]+ 1
x
Da(T a)CD,
a 6= X, (TrTa)C = 0, (C.58)(
m−1h′
)C¯′
C
= e−K/2
[
A¯k (Kk − 2∂k ln fC + ∂k lnµC)− A¯
]
− 2qCFX
= −F iDi lnm2 + 2qXFX − M¯ = 1
4
(D2 lnM2 − 8R¯)∣∣ ≡ y¯, (C.59)
(m−1dh′)C¯
′
C = y¯ϕ˜
+ +
∑
n
(
1− 2qCn + ωCn
)
e−K/2A¯kFnk − 2qCFΛ
= y¯ϕ˜+ + Fϕ˜+C
Fϕ˜+C
= −1
4
D2ϕ˜+C
∣∣ , (C.60)
where
M2 = eK−2f |µ|2, M2∣∣ = m2, (C.61)
is a real superfield, and the identifications on the right in (C.59) and (C.60) hold to the order we
are working in because to that order the auxiliary fields can be interchanged with their tree-level
values27
F k = −e−K/2A¯k, M = eK/2W = e−K/2A = 2 R| . (C.62)
Since the relevant PV masses have a diagonal Ka¨hler metric, it follows from (B.53) that G+ = −G−,
so the first term in (C.32) drops out, and, from, (C.33), Gm¯ = {G−, m¯}, etc. Then writing
T =
∑
k
(−)kTk, Tk = i
2
STrηRkdR
∣∣∣
finite
, (C.63)
we obtain, imposing (C.30),
T1 = +
√
g
192π2
Trη
[
ϕ˜+
{
1
8
(rµνρσr
µνρσ − ir · r˜ + 2XµνXµν + 4iAµνXµν)−
(∇µV −µ + V µ−V −µ )2
+✷
(
Dαfα| − 1
3
DαXα| − ∇µV −µ − V µ−V −µ −
1
6
r
)
−2V −ν ∇ν
[(∇µ + V −µ )V µ−]− 12AµνAµν − 2i3 V −ν DµAµν
+
2
3
∇µ
(
rµνV −ν
)
+
2
3
rµνV −µ V
−
ν
}
+
(
y¯ϕ˜+ + Fφ˜+
) (
✷y + 2V −µ ∂
µy + y∇µV −µ + yV −µ V µ−
) ]
+ h.c. (C.64)
27Our normalization of the auxiliary field M differs by a factor −3 from that of Bine´truy, Girardi and Grimm [5]:
M = − 1
3
MBGG.
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T4 = −
√
g
32π2
Trηϕ˜+
[
1
6
(yy¯)2 − 1
2
yy¯VµV
µ +
1
3
(
VµV
µ
−
)2 − 1
6
(
V −µ V
µ
−
)2
+
1
3
V −µ V
µ
−VνV
ν
]
+h.c., (C.65)
The expressions for T2 and T3 are more complicated; they combine to give
T2 − T3 = −
√
g
32π2
Trη
[
ϕ˜+
{(
1
2
Dαfα| − 1
6
DαXα|+ 1
6
r
)2
− 1
3
Vµ∂
µ
(
1
2
Dαfα| − 1
6
DαXα|+ 1
6
r
)
−1
3
(∇µV µ + 3yy¯ + r)
(
1
2
Dαfα| − 1
6
DαXα|+ 1
6
r
)
+
1
12
∇µ (Vµr) + r
2
48
+
4i
9
V ν−DµAµν
−1
6
[
y✷y¯ + y¯✷y + ∂µy∂
µy¯ + y¯(V −µ − Vµ)∂µy + y(V +µ − Vµ)∂µy¯
−yy¯ (∇µV µ + 3VµV µ + V +µ V µ−)]
+
[
1
x2
DaDb − 1
2
(
F a · F b − iF˜ a · F b
)]
TaTb +
1
24
(
A ·A+ iA˜ · A
)
+
1
6
[
✷
(
V µ−V
−
µ
)
+ V µ∇µ∇νV −ν + (∇µVµ)
(∇νV −ν )− (∇µV ν−)∇µV −ν ]
+
1
6
∇µ (VµV −ν V ν− + V −µ V ν−V −ν )
−1
3
[
VµV
µV ν−V
−
ν + (V
−
µ V
µ)2 − (V −µ V µ− )2
]
− 1
36
[
10V −µ V
−
ν r
µν +∇µ (3rV −µ − 2rµνV ν−)+ 3rV −µ V µ− ]+ 16ryy¯
}
−1
6
(
y2y¯ + Vµ∂
µy + VµV
µ
−y + y∇µVµ + y DαXα| − 3y Dαfα|
) (
Fφ˜+ + y¯ϕ˜
+
)]
+h.c., (C.66)
In writing (C.66) we used (C.52), the Bianchi identities:
0 = DµG˜µν = 2∇µrµν −∇νr = ǫλµνρrµνρσ, V −µ Vν∇µV ν− = VµV −ν ∇µV ν− + iAµνV +µ V −ν , (C.67)
the identities
0 = [Dµ,Dν ]Vρ + r
σ
ρνµVσ =
(
[Dµ,Dν ]V
+
ρ + r
σ
ρνµV
+
σ − iAµνV +ρ
)
m = ([Dµ,Dν ]− iAµν)m, (C.68)
and the conjugate relations. Combining these contributions using, from (C.52)
AµνA
µν = 2iDµ(V −ν Aµν)− 2iV −ν DµAµν ,
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V µ−✷V
−
µ =
1
2
V µ−{∇µ,∇ν}V −ν −
1
2
V −ν V
−
µ r
µν − iV −ν DµAµν . (C.69)
gives
i
2
T =
√
g
64π2
Trη
[
ϕ˜+
{(
F a · F b − iF˜ a · F b − 2
x2
DaDb
)
TaTb +
1
12
(
3A · A− iA˜ ·A
)
− 1
24
(rµνρσr
µνρσ − ir · r˜ + 2XµνXµν) + r
2
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− i
6
AµνX
µν
+
1
3
∇µ (∇µ − Vµ)
(
1
3
DαXα| − Dαfα|+ 1
6
r +∇νV −ν + V ν−V −ν
)
−1
2
(
Dαfα| − 1
3
DαXα|
)2
+
1
3
∇µ [y (∂µ − V −µ ) y¯ −∇ν (V −µ V −ν )]
+
2
3
∇µ
[
V −µ ∇νV −ν +
1
2
V −µ V
ν
−V
−
ν
]
+
1
6
∇µ (rV −µ − 2rµνV ν−)
}
−1
3
Fϕ˜+
{
✷y −DµyV µ + y
(DµV −µ + V µ−V −µ −DµV µ − V µV −µ )
+2V −µ Dµy − y2y¯ + y (3Dαfα −DαXα)
}]
+ h.c. (C.70)
This expression is the bosonic part of the superfield expression
δL1 = 1
8π2
∫
d4θTr
[
ηΦ˜+(T n,ΛX)Ω1
]
+ h.c. (C.71)
Ω1 = − 1
48
Ωm +
1
3
ΩW +Ω
0
YM −
1
36
ΩXm , Ωm = ΩD − 4ΩG + 8ΩR, (C.72)
where the operators in (C.72) are defined in (4.23) and (4.39)–(4.41), Ω0YM is the Chern-Simons
superfield for the nonanomalous gauge group, and Φ˜+
∣∣∣ = ϕ˜+. The expression (C.71) is the re-
sult of an infinitesimal transformation, and must be integrated to give the expression for a finite
transformation; in particular the modular transformations are discrete and therefore finite. This is
possible if the coefficient of Φ˜+ contains only 1) operators such as ΩW , ΩYM and ΩXm whose chiral
projections are invariant under U(1)X and modular transformations, 2) linear multiplets that drop
out of the superspace integral and 3) derivatives of lnM. That this is indeed the case is shown in
Section E.1.
D Orbifold compactification: PV sector for matter
We argued in Section 4.1 that PV mass terms must have well-defined modular weights, with invari-
ant masses for those fields that contribute to the renormalization of the Ka¨hler potential. One way
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to achieve this would be to couple in the PV mass superpotential all PV fields Zσ with metric KZσρ¯
to fields Yσ with a metric proportional to its inverse, as in (4.52). However each Z, Y pair gives no
contribution linear in the scalar curvature, and doubles the contribution quadratic in scalar curva-
ture. This requires an even number of pairs with signatures that sum to zero, and the introduction
of other fields that reproduce the curvature terms from the light fields. This was done in [3] for the
untwisted sector with Ka¨hler potential:
Gu =
∑
n
Gn(Zin), G
n = −δni ln
(
T i + T¯ i −
Nn−1∑
a=1
|Φai|2
)
= δni
[
gi − ln(1− egi
Nn−1∑
a=1
|Φai|2)
]
,
gi = − ln(T i + T¯ i), (D.1)
where the special property Gnij = G
n
i G
n
j was exploited to mimic their curvature terms by other
fields. The twisted sector Ka¨hler potential is not known beyond leading order:
G = Gu + f(Z, Z¯), f = X
a +O(Φ3), Xa = eg
a |Φa|2, ga =
∑
i
qai g
i. (D.2)
Under a nonlinear transformation Zin → Z ′in (Zjn) such that
Gu(Z
′) = Gu(Z) + F + F¯ , G
n(Z ′n) = G
n(Zn) + F
n + F¯n, F =
∑
n
Fn, (D.3)
Xa is invariant provided
Φa → Φ′a = e−F aΦa, F a =
∑
n
qanF
n. (D.4)
To use the same trick including the twisted sector fields requires a constraint on the overall Ka¨hler
potential analogous to the constraint on gauge charges discussed in Section 3.2. For example this
is possible with a Ka¨hler potential of the form
G = g + f(Xa) +H(Z) + H¯(Z¯), g =
∑
n
gn(Zin), g
a =
∑
n
qang
n, (D.5)
where gn transforms like Gn under a modular transformation, for example gn = δni g
i or gn = Gn.
The modular invariant holomorphic function H is constructed from operators of the form
∏
a
[Φa
3∏
i=1
η2q
a
ni (iT i)], (D.6)
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and the fields Φa are separated into groups Φm ∋ Φam, a = 1, . . . Nm with the function f(Xa) in
(D.5) restricted to the form
f =
∑
m
km, km = −λ−1m ln
(
1− λm
Nm∑
a=1
Xam
)
. (D.7)
This is option 1) of Section 4.2; its implementation requires the introduction of a number of addi-
tional PV fields. Here we will focus on option 2) which entails no restriction on the twisted sector
Ka¨hler potential. In Section D.3 we will consider a hybrid case where option 1) is implemented for
the untwisted sector in order to include the possibility of maximal Heisenberg invariance.
In order to make the PV Ka¨hler potential and superpotential fully modular invariant we introduced
a set of PV fields Z˙σ = Z˙N , Z˙P , with negative signature, that regulate the UV divergent contri-
butions to the renormalization of the light field Ka¨hler potential and to the operator φ3 in (2.9).
Their Ka¨hler potential is given by (3.1) and (3.18) with ζmn¯ = δmn¯:
K(Z˙σ) = KZ˙ +K(Z˙N ) = KZ˙ρσ¯Z˙
ρ ˙¯Z
σ¯
+
1
2
(
KσρZ˙
σZ˙ρ + h.c.
)
,
σ = P,N, P = I,A, (D.8)
which is modular invariant provided Z˙σ transforms as in (3.15) under (3.3). These fields couple in
the PV superpotential W Z˙1 given in (4.57) to superfields Y˙σ = Y˙N , Y˙P , with the Ka¨hler potential
given in (4.54). To calculate the contributions of these fields to LQ,Φ1,Φ2, we need the affine
connection derived from the PV Ka¨hler metric. For Z˙α we have
Γ˙PNr = K
pq¯∂rχ¯
n¯
q¯ , Γ˙
P
Qr = Γ
p
qr + χ
n
q Γ˙
P
Nr, Γ˙
N
N ′r = −χnq Γ˙QN ′r,
Γ˙NPr = +Drχ
n
p − χnqχn
′
p Γ˙
Q
N ′r, (D.9)
If χnp = a˙∂ph
n(Z), with hn(Z) holomorphic, ∂rh¯(z¯)
n¯
q¯ = Γ˙
P
Nr = 0, χ
n
p drops out of the traces of
products of Γ˙ and its derivatives. In addition, since (Ta)
q
pχnq = 0, it also drops out of the traces of Γ˙
with gauge generators. Alternatively, since χnp is proportional to the parameter a˙ by virtue of the
condition (3.18), we can cancel the UV divergent terms involving χnp by including several copies of
the Z˙σ → Z˙σλ , λ = 1, . . . , 2nZ˙ + 1 with signatures ηZλ and parameters a˙Zλ such that
n˙ =
∑
λ
ηZ˙λ = −1,
∑
λ
ηZ˙λ a˙
2
λ =
∑
λ
ηZ˙λ a˙
4
λ = 0. (D.10)
We also need to impose the condition (A.4). This is again automatically satisfied if χn is holomor-
phic because it also drops out of the trace of products of J±µ with φ because φ
ρ
N = 0, where
(J−µ )
ρ
σ = Γ˙
ρ
σrDµzr + iT ρσ · Aµ + iδρσΓµ =
[
(J+µ )
ρ
σ
]†
, Γµ =
i
4
(
KiDµzi −Km¯Dµz¯m¯
)
. (D.11)
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For the more general case, (A.4) requires the conditions on a˙2 in (D.10) and the additional constraint∑
λ
ηZ˙λ a˙
6
λ = 0. (D.12)
Only one set of the Z˙λ, say Z˙0, with negative signature, η
Z˙
0 = −1, need have couplings in the
superpotential (3.16) and in the additional terms Kσρ in the Ka¨hler potential (D.8). Gauge and
modular invariant mass terms for all the above fields may be constructed as in (4.57) by introducing
a superfield Y˙ λσ , with the Ka¨hler potential (4.54), for each Z˙
σ
λ .
Rather than use the most general parameterization, we will simply set
χnp = ∂pχ
n, (D.13)
and consider three choices for the pair of functions gn in (4.54) and χn that we take to be the same
in (D.8) and in (4.54). In our second and third scenarios we make some assumptions on the form
of the Ka¨hler potential for the light fields.
D.1 χn holomorphic
We set
gn = δni g
n(T i + T¯ ı¯) = −δni ln(T i + T¯ ı¯), i, n = 1, 2, 3,
χn = 2a˙δni ln η(T
i), χni = 2a˙
∂η(T i)
∂T i
δni ≡ 2a˙ζ(T i)δni , (D.14)
in (3.18) and (4.57). Then for Z˙σ:
Γ˙PQr = Γ˙
p
qr, Γ˙
N
Qr = Drχ
n
q , Γ˙
P
Nr = Γ˙
N
Nr = 0, (D.15)
and the UV divergent contributions from Z˙ simply cancel the UV divergences from the light fields
Z. The affine connections for Y˙I,N are
Γ˙IIj = G
N
j − 2gnj , Γ˙NIj = − (∂j − 2gni )χni , Γ˙INj = 0, Γ˙NNj = GNj , (D.16)
and the UV divergent contributions from Y˙I,N , with
∑
λ η˙λ = −1, involve the operators∑
λ
η˙λ(Γ
n
Y˙
)σσα = −2
(
GNα − gnα
)
, (D.17)∑
λ
η˙λ(Γ
n
Y˙
)σρα(Γ
n
Y˙
)ρσα = −
(
GNα − 2gnα
) (
GNβ − 2gnβ
)−GNα GNβ . (D.18)
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All the UV divergent contributions from Y˙ can be canceled by additional PV fields Ψ = U, V,Φ
with Ka¨hler and superpotential
K(Ψ) =
∑
γ
[∑
A
(
eα
A
γ G
A |UAγ |2 + eα
A
γ G
A |UγA|2 + eγ
A
γ G
A |V Aγ |2
)
+
∑
N=n
(
eδ
N
γ (G
N−2gn)|ΦNγ |2 + eǫ
n
γG
N |Φnγ |2
)]
, (D.19)
W (Ψ) =
∑
γ
[∑
A
µUγ U
A
γ U
γ
A +
1
2
(∑
A
µVγ (V
A
γ )
2 +
∑
N
µNγ (Φ
N
γ )
2 +
∑
n
µnγ (Φ
n
γ )
2
)]
, (D.20)
Ta(U
A
γ ) = −T Ta (UγA), a 6= X; Ta(V ) = −T Ta (V ), Ta(Φ) = 0 ∀ a, (D.21)
if we require ∑
Ψ,γ
ηΨγ = 6 + dM = N + 2, (D.22)
CaM =
∑
γ
{
ηUγ
[
(TrT 2a )Uγ + (TrT
2
a )Uγ
]
+ ηVγ (TrT
2
a )Vγ
}
, (D.23)
1 =
∑
γ
ηNγ δ
N
γ =
∑
γ
ηnγ ǫ
n
γ =
∑
γ
ηNγ (δ
N
γ )
2 =
∑
γ
ηnγ (ǫ
n
γ )
2, (D.24)
(TrTX)M = −
∑
γ
ηUγ
[
(TrTX)Uγ + (TrTX)Uγ
]
, (D.25)
(TrTb)Ma = −
∑
γ
ηU
A
γ α
A
γ
[
(TrTb)UAγ + (TrTb)U
γ
A
]
, (D.26)
dMa =
∑
γ
(
2ηU
A
γ α
A
γ dUAγ + η
V Aγ δAγ dV Aγ
)
(D.27)
=
∑
γ
[
2ηU
A
γ (α
A
γ )
2dUAγ + η
V A
γ (δ
A
γ )
2dV Aγ
]
, (D.28)
where the subscript M stands for the gauge-charged light sector, and dMa is the dimension of the
(generally reducible) gauge group representation in the matter sector with modular weights qan. In
addition to (D.10) and (D.12), the constraint (A.4) imposes further conditions on the parameters
in K(Ψ). The Y˙ contributions to the first condition in (A.4), namely
∑
λ,A
(∑
i
∂µt
iGAi + iTA ·Aµ + iΓµ
)∑
j
∂νt
jGAj + iTA · Aν + iΓν
 qAXImλ, (D.29)
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and
ImFm(tm)
∑
λ,A
(∑
i
∂µt
iGAi + iTA · Aµ + iΓµ
)∑
j
∂νt
jGAj + iTA ·Aν + iΓν
 qAm
+
∑
λ,N
∑
j
∂µt
jGNj − 2∂µtngnn + iΓµ
 ·(∑
k
∂µt
kGNk − 2∂µtngnn + iΓµ
)
+
∑
λ,N
∑
j
∂µt
jGNj + iΓµ
(∑
k
∂νt
kGNk q
N
m + iΓµ
) , (D.30)
require
(TrT 2aTX)M = −
∑
γ
ηUγ
[
(TrT 2aTX)Uγ + (TrT
2
aTX)Uγ
]
(D.31)
1 =
∑
γ
ηNγ (δ
N
γ )
3 =
∑
γ
ηnγ (ǫ
n
γ )
3, (D.32)
(TrTbTc)Ma =
∑
γ
{
ηU
A
γ αAγ
[
(TrTbTc)UAγ + (TrTbTc)U
γ
A
]
+ ηV
A
γ (TrTbTc)V Aγ δ
A
γ
}
, (D.33)
(TrTb)Ma = −
∑
γ
ηU
A
γ (α
A
γ )
2
[
(TrTb)UAγ + (TrTb)U
γ
A
]
, (D.34)
dMa =
∑
γ
[
2ηU
A
γ (α
A
γ )
3dUAγ + η
V A
γ (δ
A
γ )
3dV Aγ
}
. (D.35)
Note that, for example, since the right hand side of (D.18) is equal to −2 (GNα − gnα) (GNβ − gnβ)−
2gnαg
n
β , we can cancel (D.17) and (D.18) if we replace the last term in (D.19) and the condition
(D.24) by, respectively ∑
N=n
(
eδ
N
γ (G
N−gn)|ΦNγ |2 + eǫ
n
γg
n |Φnγ |2
)
(D.36)
and
2 =
∑
γ
ηNγ δ
N
γ =
∑
γ
ηNγ (δ
N
γ )
2 =
∑
γ
ηnγ (ǫ
n
γ )
2, 0 =
∑
γ
ηnγ ǫ
n
γ . (D.37)
Imposing the additional constraints (A.4) removes this ambiguity. However we will see in Ap-
pendix D.3 that there is at least one other choice of PV sector with this (and the following) choice
of Z˙, Y˙ Ka¨hler potentials.
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A simple solution to the constraints (D.22)–(D.28) and (D.31)–(D.35) is28
δN = ǫn = αA = δA = 1, (D.38)
in which case they reduce to
1 =
∑
γ
ηNγ =
∑
γ
ηnγ , (D.39)
(TrTb)Ma = −
∑
γ
ηU
A
γ
[
(TrTb)UAγ + (TrTb)U
γ
A
]
, (D.40)
(TrTbTc)Ma =
∑
γ
{
ηU
A
γ
[
(TrTbTc)UAγ + (TrTbTc)U
γ
A
]
+ ηV
A
γ (TrTbTc)V Aγ
}
, (D.41)
dMa =
∑
γ
[
2ηU
A
γ dUAγ + η
V Aγ dV Aγ
]
, (D.42)
(TrT 2aTX)M = −
∑
A,γ
ηU
Aγ
[
(TrT 2aTX)UAγ + (TrT
2
aTX)UγA
]
. (D.43)
Note that (D.39) and (D.42) are equivalent to (D.22).
D.2 Preserving shift symmetry
The shift symmetries ImtI → ImtI+αI , Ims→ Ims+β, αI , β ∈ R, of the classical Ka¨hler potential
are preserved if K = K[(T I + T¯ I), (S + S¯),Φa]. Then shift symmetry and modular covariance of
the light particle Ka¨hler potential is preserved if it takes the form
K = k(S + S¯) + g+ f(Xa), Xa = eg
a |Φa|2, ga =
∑
n
qang
n, f(X) =
∑
a
Xa +O(X2). (D.44)
The metric is
Kab¯ = e
gaδabfa + φ
bφ¯a¯fabe
ga+gb , Kaı¯ =
∑
b
gbı¯ φ¯
b¯Kab¯,
Kjı¯ = gjı¯fni +
∑
a,b
gaj g
b
ı¯φ
aφ¯b¯Kab¯, fni =
(
1 +
∑
a
qaniX
afa
)
, (D.45)
where
fa =
∂f
∂Xa
, fab =
∂f
∂Xa∂Xb
. (D.46)
28The constraints (D.26), and (D.34) are nontrivial only if Tb is a U(1) generator; V
A is a U(1) singlet.
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χn = a˙gn = a˙δni g(T
i + T¯ i). (D.47)
If we define
kab¯ = ∂a∂b¯f(X
a) = Kab¯, kab¯k
b¯c = δac , g˜i¯ = fnigi¯ = fnig
2
i δij , g˜
k¯g˜i¯ = δ
k
i , (D.48)
the inverse metric is:
Kab¯ = kab¯ + φaφ¯b¯
∑
ı¯j
gaj g
b
ı¯ g˜
ı¯j, Kjı¯ = g˜ı¯j = f−1ni g
−2
i δ
ij , Kaı¯ = −φa
∑
j
gaj g˜
jı¯. (D.49)
Using the properties K ı¯j = δij , gi = gı¯ = e
gni and (Ta)
i
jgi = 0, one can see that only (D.10) is
required for (A.4) to be satisfied in this case; however a minimum of 3 sets of the Z˙, Y˙ is still
required.
To maintain invariance of the PV Ka¨hler potential we take
χn = a˙gn = a˙δni g(T
i + T¯ i). (D.50)
For Y˙ we now have
ΓINj = −a˙δijδin, ΓINα =
a˙
8
δin(D¯2 − 8R)DαT i = 0, (D.51)
because T i is gauge invariant, and once (D.10) is imposed the contributions from Y˙ involve the same
operators as in (D.18), and are canceled by contributions from the fields Ψ = U, V,Φ introduced in
(D.19)–(D.21), subject to the conditions (D.22)–(D.28) and (D.31)–(D.35).
D.3 Heisenberg invariant untwisted sector Ka¨hler potential
Here we set χn = a˙gn = a˙Gn, where Gn is defined in (D.1). Once the conditions (D.10) and (D.12)
are imposed, the Z˙ cancel the UV divergences from the light fields Zp. The contributions from Y˙I
decouple from those from Y˙N in the relevant sums. Those from Y˙I reduce to those from fields with
metric equal to the inverse of the untwisted sector metric derived from (D.1), with an extra overall
factor eG
N
, and those from Y˙N are the same as the contributions from a field with metric e
GN . We
may cancel their contributions to the UV divergences with the method used in [3] to cancel the UV
divergences from the light untwisted sector. That is, the Y˙ contributions to the UV divergences
can be canceled with Ψ = U, V,ΦN ,ΦnI ,Φ
I
n where U, V, have the same Ka¨hler potential as in (D.19).
The ΦN , which are no longer all gauge singlets, have Ka¨hler potential
K(ΦN ) =
∑
γ
∑
N=n
eδ
N
γ (G
N−gn)|ΦNγ |2, (D.52)
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and the constraints (D.22)–(D.28) are appropriately modified. The fields ΦnI , I = 0, . . . , Nn, have a
Ka¨hler potential of the same form as Y˙I,N , but without the prefactor e
GN in (4.54), and the fields
ΦI have the inverse Ka¨hler metric:
KΦ
I
IJ¯ K
J¯K
ΦI
= δKJ , I, J,K = 0, . . . , Nn. (D.53)
This set cancels the remaining Y˙I,N UV contributions if we impose
ηΦ
I
γ = η
ΦI
γ ≡ ηΦγ ,
∑
γ
ηΦγ = 0,
∑
γ
ηΦγ (a
Φ
γ )
2 = −
∑
γ
ηΦγ (a
Φ
γ )
4 =
1
2
. (D.54)
However, it is not possible to cancel all the contributions from Y˙ to (A.4) because terms odd in
(Γ
Φnγ
µ )IJ , (T
Φnγ
a )IJ and (φ
Φnγ )IJ cancel between Φ
I and ΦI . Terms proportional to Tr
(
Γ˙Yµ φ˙
Y
)
are
indeed canceled by virtue of (D.54), but there is no contribution from the Φ sector to cancel terms
like GiDµzj(T˙ Ya φ˙Y )ij , for example. These terms could be made to vanish with
∑
λ η
Z˙
λ a˙
2
λ = −1, but
this contradicts the condition in (D.10). So in this case we need to modify (4.54)–(4.57) as follows:
K Y˙ =
∑
A
eG
A |Y˙A|2 +
∑
N
eG
N
[
gi¯n
(
Y˙I − bGni Y˙N
)(
˙¯Y J¯ − bGn¯ ˙¯Y N¯
)
+ |Y˙N |2
]
, (D.55)
which is modular invariant provided under (3.10)
Y˙ ′A = e
−FA Y˙A, Y˙
′
I = e
−FNmji
(
Y˙J + bF
n
j Y˙N
)
, Y˙ ′N = e
−FN Y˙N , F
N,A =
∑
m
qN,Am F
m,
(D.56)
and the superpotential is given by (4.57), except that
Wn = µ˙n(T
i)
(∑
P∈n
Z˙P Y˙P + a˙
−1bZ˙N Y˙N
)
. (D.57)
Now we have (see Appendix D of [3])∑
λ
η˙λ(Γ
n
Y˙
)σσα = −(Nn + 1)
(
GNα −Gnα
)
, (D.58)∑
λ
η˙λ(Γ
n
Y˙
)σρβ(Γ
n
Y˙
)ρσα = −(Nn + 1)
(
GNα −Gnα
) (
GNβ −Gnβ
)
+ 2(b2 + b4)G
nα
i Z¯
i
α
−(1 + 2b2 + b4)
[
GnαG
n
β + (Gˆ
n)ijα(Gˆ
n)jiβ
]
, (D.59)∑
λ
η˙λ(Γ
n
Y˙
)JIα(T
a)IJ = (TrT
a)Zn
(
GNα −Gnα
)− (1 + b2)(T a)ji (Gˆn)ijα, (D.60)
(Gˆn)ijα = P
(
GnjDαZin
)
, (Gˆn)iα = P
(
Gni G
n
jDαZjn
)
, (D.61)
Ziα = PDαZi, P = −
1
8
(D¯2 − 8R), bp = −
∑
λ
η˙λb
p
λ (D.62)
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If bp = 0, we recover the inverse of the untwisted sector Ka¨hler potential. However if
b4 = −b2 = 1, (D.63)
we eliminate both the terms arising from this contribution that cannot be eliminated by U, V,ΦIN ,
with
K(ΦIN ) =
∑
γ,N
Nn∑
I=0
eδ
N
γ (GN −Gn)|ΦIN |2, (D.64)
as well as the new term involving the last two operators in (D.61). A simple solution to (D.63)
with three sets Y˙γ is, for example
(η, b) = (1, 3), (−1, 2), (−1, 2). (D.65)
The constraints (D.22)–(D.28) now read∑
Ψ,γ
ηΨγ = 3 +
∑
n
Nn + dMT = N + 2, (D.66)
CaM =
∑
γ
{
ηUγ
[
(TrT 2a )Uγ + (TrT
2
a )Uγ
]
+ ηVγ (TrT
2
a )Vγ +
∑
N
ηNγ (TrT
2
a )ΦNγ
}
, (D.67)
1 =
∑
γ
ηNγ δ
N
γ =
∑
γ
ηNγ (δ
N
γ )
2, (TrTX)Zn = −
∑
γ
ηNγ δ
N
γ T
Nγ
X , (D.68)
(TrTX)M = −
∑
γ
(
ηUγ
[
(TrTX)Uγ + (TrTX)Uγ
]
+ ηNγ (TX)ΦNγ
)
, (D.69)
(TrTb)Ma = −
∑
γ
ηU
A
γ α
A
γ
[
(TrTb)UAγ + (TrTb)U
γ
A
]
, (D.70)
dMa =
∑
γ
(
2ηU
A
γ α
A
γ dUAγ + η
V A
γ δ
A
γ dV Aγ
)
=
∑
γ
[
2ηU
A
γ (α
A
γ )
2dUAγ + η
V A
γ (δ
A
γ )
2dV Aγ
]
, (D.71)
where Ma now includes only twisted sector matter.
For the relevant Y˙ contributions to (A.4) we have
∑
λ
η˙λTr
[
(Γn
Y˙
)µνΦY˙
]
= − (GNµν −Gnµν)
[
(Nn + 1)(F − FN ) +
∑
i
qiXλX
]
+(1 + b2)Yµν , (D.72)
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∑
λ
η˙λTr
(
Γ˜n
Y˙
· Γn
Y˙
ΦY˙
)
= −
(
G˜N − G˜n
)
· (GN −Gn) [(Nn + 1)(F − FN ) +∑
i
qiXλX
]
+(1 + b2)Y + (b2 + b4)Z, (D.73)∑
λ
η˙λTr
[
(Γn
Y˙
)µν(T
a)Y˙ ΦY˙
]
=
(
GNµν −Gnµν
) [
(TrT a)Zn(F − FN ) + (TrT aTX)ZnλX
]
+(1 + b2)Y
a
µν , (D.74)∑
λ
η˙λTr
[
(T a)Y˙ (Γ
n
Y˙
)µνΦY˙
]
=
(
GNµν −Gnµν
) [
(TrT a)Zn(F − FN ) + (TrT aTX)ZnλX
]
+(1 + b2)Z
a
µν . (D.75)
The precise form of the various operators Y,Z in the above is unimportant, since they drop out
when (D.63) is imposed, and the remaining contribution is canceled by U, V,ΦN , with the additional
conditions
(TrT 2aTX)M = −
∑
γ
ηUγ
[
(TrT 2aTX)Uγ + (TrT
2
aTX)Uγ
]−∑
N,γ
ηNγ (TrT
2
aTX)ΦNγ (D.76)
(TrTX)Zn =
∑
γ
ηNγ (TrTX)ΦNγ (δ
N
γ )
2, (TrTbTc)Zn =
∑
γ
ηNγ (TrTbTc)ΦNγ δ
N
γ , (D.77)
(TrTbTc)Ma =
∑
γ
{
ηU
A
γ αAγ
[
(TrTbTc)UAγ + (TrTbTc)U
γ
A
]
+ ηV
A
γ (TrTbTc)V Aγ δ
A
γ
}
, (D.78)
(TrTb)Ma = −
∑
γ
ηU
A
γ (α
A
γ )
2
[
(TrTb)UAγ + (TrTb)U
γ
A
]
, (D.79)
1 =
∑
γ
ηNγ (δ
N
γ )
3, (D.80)
dMa =
∑
γ
[
2ηU
A
γ (α
A
γ )
3 + ηV
A
γ (δ
A
γ )
3dV Aγ
]
. (D.81)
As before these constraints have a simple straightforward solution:
1 = αA = γN = δN , 1 =
∑
γ
ηNγ , (D.82)
CaMb =
∑
γ
{
ηU
B
γ
[
(TrT 2a )UBγ + (TrT
2
a )UγB
]
+ ηV
B
γ (TrT
2
a )V Bγ
}
, (D.83)
(TrTb)Ma = −
∑
γ
ηU
A
γ
[
(TrTb)UAγ + (TrTb)U
γ
A
]
(TrTb)Zn = −
∑
γ
ηNγ T
Nγ
b , (D.84)
dMa =
∑
γ
(
2ηU
A
γ dUAγ + η
V A
γ dV Aγ
)
, CaZn =
∑
γ
ηNγ (TrT
2
a )Nγ . (D.85)
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Note that the Ka¨hler potential gn used in the previous two subsections is just the limiting case
ΦAn → 0 of Gn, so this gives an alternative PV sector for those cases. They differ in the resulting
sum rules that are quadratic and cubic in the modular weights.
D.4 Anomalous masses
The conditions (D.22)–(D.28) and (D.31)–(D.35) imply that the the Ψ masses are not modular
invariant (at least in the absence of moduli-dependent mass factors) and are not in general U(1)X
invariant. Their Ka¨hler potential is invariant under Ka¨hler transformations arising from nonlinear
transformations on the light fields:
Zp → Z ′p(Z), dZ ′p =Mpq dZp, K(Z ′) = K(Z) + F (Z), W (Z ′) = e−F (Z)W (Z), (D.86)
provided
U ′Aγ = e
−αAγ F
A
UAγ , U
′γ
A = e
−αAγ F
A
UγA, V
′A
γ = e
−γAγ F
A
V Aγ , (D.87)
Φ′Nγ = e
−δNγ (F
N−Fn)ΦNγ , Φ
′n
γ = e
−ǫnγF
n
Φnγ . (D.88)
The Ka¨hler potential is also gauge invariant; in Yang-Mills superspace [5] the superfields Zp are
defined to be covariantly chiral. In particular, under U(1)X
Za → gqaZa, Z a¯ → g−qaZ a¯, AM → AM + g−1DMg (D.89)
with the gauge covariant superspace derivative DM given (neglecting other connections) by
DMZp = (DM + qpAM )Zp. (D.90)
For the PV fields ΨA = UA, UA we take instead, with (4.6),
ΨA → e−qAΛΨA, Ψ¯A¯ → e−qAΛ¯Ψ¯A¯. (D.91)
It is necessary to introduce the vector superfield VX in order that the U(1)X -violating terms in the
PV superpotential remain holomorphic under a U(1)X transformation. In addition, in the regulated
theory noninvariance under U(1)Xarises from the PV masses; this must cancel the noninvariance
of the GS term (4.3) that explicitly involves VX . Working in “partial” U(1)X superspace allows
us to meet these conditions while keeping the notation from becoming too cumbersome. With this
modification the Ka¨hler potential in (D.21) for U is replaced by
K(U) =
∑
γ,A
(
eq
A
γ VX+α
A
γ G
A |UAγ |2 + ep
A
γ VX+α
A
γ G
A |UγA|2
)
. (D.92)
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In this way we have put all the anomaly associated with the T-moduli and gauge charged chiral
fields in the superpotential W (Ψ) in (D.20). We define
ω˙nm = q
N
m − 1, ω˙am = qAm + qam − 1, (D.93)
as the (negative of the) modular weights of µ˙n,a in the superpotential (4.57). If, for illustration, we
use the PV sector of Appendix D.1 or Appendix D.2, the Ψ have modular weights
q
ΦNγ
m = q
N
m − 2δnm = ω˙nm − 2δnm + 1, q
Φnγ
m = q
N
m = ω˙
n
m + 1, (D.94)
q
UAγ
m = q
A
m = ω˙
a
m − qam + 1, qU
γ
A
m = q
A
m = ω˙
a
m − qam + 1, (D.95)
q
V Aγ
m = q
A
m = ω˙
a
m − qam + 1, (D.96)
where we have assumed29 (D.38). Then, if we further assume that ω
Ψγ
n is independent of γ, using
the sum rules (D.22)–(D.28) we have∑
Ψ,γ
ηΨγ q
Ψγ
m =
∑
a
(ω˙am − qam + 1) + 2
∑
n
(ω˙nm − δnm + 1)
= N + 2−
∑
λ
η˙λ
(
2
∑
n
ω˙nm +
∑
a
ω˙am
)
−
∑
p
qpm, (D.97)
where p refers to t-moduli and all gauge-charged matter, with, for the untwisted sector charged
matter qaim = δ
i
m, and for t-moduli q
i
m = 2δ
i
m. In writing the last line of (D.97) we used
∑
λ η˙λ = −1
and, including the dilaton,
N = dM + 4 =
∑
Ψ,γ
ηΨγ − 2. (D.98)
Then m˜Ψγ is given by (C.39) with, using also the constraint (D.25) on (TrTX)Ψ,∑
Ψ,γ
ηΨγ ϕ˜
+
Ψγ
=
∑
Ψ,γ
ηΨγ
[∑
m
(
1− 2qΨγm + ωΨγm
)
Fm − 2qΨγX λ
]
=
∑
m
2∑
p
qpm −N − 2 +
∑
P=Ψ,Y˙ ,Z˙
ηPωPm
Fm + 2TrTXλ. (D.99)
When combined with other PV loop contributions, we get the general result (C.43). Similarly,
there is a contribution proportional to (for a 6= X)∑
C
ηCϕ˜+C(T
a)2C + h.c. =
∑
Ψ,γ
ηΨγ ϕ˜
+
Ψγ
CaΨγ +
∑
ϕγ
ηϕγ ϕ˜+ϕγCa + h.c.
29The assumption does not affect the results below, except for the case with p = 4 in (D.145).
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=
∑
n
Ca
(
1 +
∑
γ
ω˜
ϕ˜aγ
n
)
−
∑
b
CaMb
1− 2qbn − ∑
P=Ψ,Y˙ ,Z˙
ηP
B
ωP
B
n
Fn
+2Tr(T a)2TXλ+ h.c., (D.100)
where we used (D.31), (D.33) and (A.27). This result is again completely general, and agrees with
(B.58) when multiplied by 1/64π2 with φb = i
(
qbnImF
n − 12ImF + qbXImλ
)
. The conditions that
the anomalies be canceled places constraints on the threshold factors as functions of charges; the
coefficients of Fn must be independent of n in (C.43), and independent of n and a in (D.100). To
insure this, we set
ω˜ϕ˜
a
n ≡
∑
γ
ω˜
ϕ˜aγ
n =
1
Ca
CGS +∑
b
CaMb
1− 2qbn − ∑
P=Ψ,Y˙ ,Z˙
ηP
B
ωP
B
n
− 1, (D.101)
where CGS = 8π
2b is the Green-Schwarz coefficient, and and we identify the coefficients ban of the
threshold corrections as
ban = Caω˜
ϕ˜a
n +
∑
b
CaMb
∑
P
ηP
B
ωP
B
n = CGS − Ca +
∑
b
CaMb
(
1− 2qbn
)
. (D.102)
For the anomalous coefficient of r · r˜, the expression in square brackets in (C.43) is also equal to
the explicit contribution from just the fields with noninvariant masses:
−
∑
m
2∑
p
qpm −N − 2 +NG +
∑
P=Ψ,Y˙ ,Z˙
ηPωPm +
∑
a
ω˜ϕ˜
a
m +
∑
γ
ηˆγ
(
1− 2αˆγ + ωˆφˆγm
)Fm
−2TrTXλ = −
∑
C
ηCϕ˜
+
C = −24
(
CGSF + C
′
GSλ
)− 24F, (D.103)
where φˆγ is the subset of neutral chiral multiplets φγ that has noninvariant masses, and the coef-
ficient C ′GS of the U(1)X GS term is defined in (5.11) and (5.13). In writing the last equality in
(D.103) we used string theory results for the anomalous coefficient of ΩW in the full result (4.33),
including the contributions (4.26) and (4.30) that are not included in the PV contribution. String
results require that the coefficient of Fm in (D.103) be independent of m.
If we calculate the coefficient of XµνX˜
µν following the arguments leading to (C.43), using (3.38)
and (A.16) as well as (3.36) and (3.37), we obtain −2 times the RHS of (C.43) with ωn in the
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expression in brackets replaced by30∑
C
ωCn η
C(1− αC)2 =
∑
P=Ψ,Y˙ ,Z˙
ηPωPn +
∑
a
ω˜ϕ˜
a
n +
∑
γ
ηφγω
φγ
n (1− αγ)2. (D.104)
Alternatively, if we calculate directly using only the noninvariant PV fields, we obtain (−2 times)
(D.103) with the last term replaced by∑
γ,m
ηˆγ
[
(1− 2αˆγ)3 + (1− 2αˆγ)2ωˆφˆγm
]
Fm. (D.105)
Comparing (D.103) with(C.43) and (D.105) with (D.104), consistency requires31∑
γ
ηˆγ
(
1− 2αˆγ + ωˆφˆγm
)
= 5 +
∑
γ
ηφγω
φγ
m , (D.106)
∑
γ
ηˆγ
[
(1− 2αˆγ)3 + (1− 2αˆγ)2ωˆφˆγm
]
= 5 +
∑
γ
ηφγ (1− 2αγ)2ωφγm , (D.107)
in conformity with the sum rules∑
ηφγ = N
′ −N ′G +N + 2− 3NG = −15− 2NG, (D.108)∑
ηφγαγ = −10−NG, (D.109)∑
ηφγα
2
γ = −4−NG, (D.110)∑
ηφγα
3
γ = −1−NG, (D.111)
which are obtained by subtracting the contributions of θγ , Z˙, ϕ
a, ϕˆa, ϕ˜a from N ′ and subtracting
the contribution of ϕa, with αϕ
a
= 1 from the sum rules for αn. The constraints (D.108)–(D.111)
imply in particular ∑
γ
ηφγ (1− 2αγ) =
∑
γ
ηφγ (1− 2αγ)3 = 5, (D.112)
and we obtain for the coefficient of XαXα in ΦL [see (E.9)]
∑
m
2∑
p
qpm −N + 3 +NG +
∑
P=Ψ,Y˙ ,Z˙
ηPωPm +
∑
a
ω˜ϕ˜
a
m +
∑
γ
ηˆγ (1− 2αˆγ)2 ωˆφˆγm
Fm + 2TrTXλ
30The superpotential mass term µϕ is constant with ωϕ = 0 for ϕa, ϕˆa as required by modular covariance for this
term.
31The constraints (3.36) and (A.20) assure that ωZ˜,Ŷ drops out of these equations.
82
=
∑
C
ηCϕ˜
+
C(1− 2αC)2
= 24
(
CGSF + C
′
GSλ
)
+ 24F +
∑
γ,m
ηˆγ
[
(1− 2αˆγ)2 − 1
]
ωˆ
φˆγ
m F
m. (D.113)
The last term in(D.113) vanishes in the absence of threshold corrections, or more generally if we
impose ∑
γ
ηˆγ (1− 2αˆγ)2 ωˆφˆγm =
∑
γ
ηˆγωˆ
φˆγ
m . (D.114)
If we define φγ = φˆγ , φ˜γ , where φ˜γ has a modular invariant mass term: 1− 2α˜γ + ω˜φ˜γm = 0, so that
ω˜
φ˜γ
m ≡ ω˜φ˜γ (D.115)
is independent of m, it is straightforward to show that (D.112) is equivalent to (D.106)–(D.107).
A third constraint reads∑
γ
ηφγ (1− 2αγ)2 =
∑
γ
ηˆγ (1− 2αˆγ)2 +
∑
γ
η˜γ
(
ω˜φ˜γ
)2
= −2NG + 9, (D.116)
A simple solution to these constraints, that satisfies (D.114) is to set ω˜φ˜γ = (1− 2α˜γ) = 0 with
η˜γ = −1,
∑
γ
η˜γ = −24, α˜γ = 1
2
, (D.117)
and to take φˆγ = (φˆ
0, φˆ±) with
αˆ0γ = 0,
∑
γ
ηˆ0γ = 5, 1− 2αˆ±γ = ±1,
∑
γ
ηˆ±γ = −NG + 2. (D.118)
In this case the coefficient of Fm in (D.103) is independent of m provided ωˆ
φˆγ
n satisfies
ωˆn ≡
∑
γ
ωˆ
φˆγ
n = 24CGS −
∑
P=Ψ,Y˙ ,Z˙
ηPωPn −
∑
a
ω˜ϕ˜
a
n +N −NG + 21− 2
∑
p
qpn, (D.119)
where
ωpn =
∑
P=Ψ,Y˙ ,Z˙
ηP
p
ωP
p
n =
∑
λ
ηΨ
p
λ ω
Ψp
n − 2ω˙pn, ωn =
∑
P=Ψ,Y˙ ,Z˙
ηPωPn =
∑
λ
ηΨλ ω
Ψ
n − 2
∑
p
ω˙pn.
(D.120)
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We identify the corresponding threshold corrections as
brn =
∑
P
ωPn +
∑
a
ω˜ϕ˜
a
n + ωˆn = 24CGS −NG +N + 21− 2
∑
p
qpn. (D.121)
The “F-term operator ΩXm and the “D-term” operator Ωm also contain terms linear in the PV
sector parameters; the linear terms in (E.5)–(E.14) have a single factor
lnM = 1
2
(
K − 2 ln f + ln |µ2|) . (D.122)
The sum rule (D.116) assures consistency between the coefficient of derivatives of K as calculated
by summing over all PV states as in (C.43) and (D.103), and by summing over only states with
noninvariant masses as in (D.104) and (D.105). However in the former case, when using the sum
rules (3.37) and (3.38), we have to subtract a spurious contribution32∑
a
[
(1− 2αϕa)2 + (1− 2αϕˆa)2
]
= 2NG, α
ϕa = 1, αϕˆ
a
= 0, (D.123)
giving
∑
n
N +NG − 7− ∑
P=Ψ,Y˙ ,Z˙
ηPωPn −
∑
a
ω˜ϕ˜
a
n −
∑
γ
ηφγω
φγ
n (1− 2αγ)− 2
∑
p
qpn
Fn − 2TrTXλ
= −
∑
m
2∑
p
qpm −N − 2 +NG +
∑
P=Ψ,Y˙ ,Z˙
ηPωPm +
∑
a
ω˜ϕ˜
a
m
+
∑
γ
ηˆγ (1− 2αˆγ)
(
1− 2αˆγ + ωˆφˆγm
)]
Fm − 2TrTXλ
= −
∑
C
ηCϕ˜
+
C(1− 2αC), (D.124)
which is consistent with (D.116).
The chiral projection ΦL of ΩL is given by
ΦL = (D¯2 − 8R)ΩL = 16 (Xα − 2fα)(Xα − 2fα) . (D.125)
Using the above results we obtain
1
192
Tr
(
ηΦ˜+ΦL
)
=
1
12
∑
C
ηCΦ
+
C(1− 2αC)2XαXα +
1
3
∑
Ψ,γ
ηΨγ Φ
+
Ψγ
fαΨγ
(
f
Ψγ
α −Xα
)
(D.126)
32The actual contribution from these fields is 2
∑
a(1− α
ϕa − αϕˆ
a
)2 = 0.
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where Φ+C is a chiral superfield with Φ
+
C
∣∣ = ϕ˜+C ,
fnα =
∑
m
(1 + ω˙nm)g
m
α − ℓnα, fPα =
∑
n
(1 + ω˙pn − qpn)gnα − qpXWXα − ℓPα (D.127)
Φ+n = −
∑
m
(1− ωnm)Fm, Φ+p = −
∑
n
(1− ωpn − 2qpn)Fn + 2qpXΛX . (D.128)
The term in brackets can be evaluated using the conditions (D.93)–(D.96), together with the relation
CGS =
∑
p
(ωpl + 2q
p
l − 1)(qpX)2 ∀ l, (D.129)
which, like (D.102), is known to be satisfied in orbifold compactifications of the heterotic string. If
we take, again for illustration,
ℓC(Z, Z¯) = 0, C = n, P, (D.130)
when (D.126) is combined with the other terms in Ω′L, defined in (5.5), we obtain the result given
in (5.9) with
Amnl =
∑
k
(ωkl − 1)(1 + ω˙kn)(1 + ω˙km)
+
∑
p
(ωpl + 2q
p
l − 1)(1 + ω˙pn − qpn)(1 + ω˙pm − qpm) (D.131)
Anl =
∑
k
(ωkl − 1)(1 + ω˙kn) +
∑
p
(ωpl + 2q
p
l − 1)(1 + ω˙pn − qpn) (D.132)
Al =
∑
p
(1− ωpl − 2qpl )qpX (D.133)
Bnl =
∑
p
(1− ωpl − 2qpl )(1 + ω˙pn − qpn)qpX (D.134)
amn = 2
∑
p
qpX(1 + ω˙
p
n − qpn)(1 + ω˙pm − qpm) (D.135)
an = 2
∑
p
qpX(1 + ω˙
p
n − qpn) (D.136)
a = −2
∑
p
(qpX)
2 = −2CMX , (D.137)
bn = −2
∑
p
(qpX)
2(1 + ω˙pn − qpn). (D.138)
The anomalous part of the Lagrangian also contains terms quartic in the PV parameters; these are
not constrained by the requirement of finiteness alone. As an example we can assume the simple
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solutions defined by (D.38), (D.39), and (D.117)–(D.118). If we further assume ωˆ
φˆ0,±γ
n = ωˆ
0,±
n is
independent of γ, The real superfieldsMφˆC take the form
M0,±γ = eK/2µ0,±γ
∏
n
|η(T n)|2ωˆ0,±n . (D.139)
The constant parameters lnµ drop out in the variation of the action and in derivatives of lnM,
and we obtain∑
γ
ηˆγ
(
O lnMφˆγ
)p
→ 5
2p
(
OK + 4
∑
n
ωˆ0nO|η(T n)|
)p
+
2−NG
2p
[(
OK + 4
∑
n
ωˆ+nO|η(T n)|
)p
+
(
4
∑
n
ωˆ−nO|η(T n)| − OK
)p]
, (D.140)
∑
a
ηϕ˜a(O lnMϕ˜a)p → NG
2p
(
OK + 4
∑
n
ω˜ϕ˜
a
n O|η(T n)|
)p
(D.141)
where O stands for any operator, and
ωˆn = 5ωˆ
0 + (2−NG)
(
ωˆ+ + ωˆ−
)
, bˆφn = (NG − 2)ωˆ−, (D.142)
with ωˆn given by (D.119).
If in addition to (D.39)–(D.43) we assume
(TrTbTcTd)Ma = −
∑
γ
ηU
A
γ
[
(TrTbTcTd)UAγ + (TrTbTcTd)U
γ
A
]
+ηV
A
γ (TrTbTcTd)V Aγ , (D.143)
(TrT 2aT
2
X)M =
∑
A,γ
ηU
Aγ
[
(TrT 2aT
2
X)UAγ + (TrT
2
aT
2
X)UγA
]
, (D.144)
we obtain ∑
P
ηΨP (O lnMΨP )p →
3∑
n=1
(O lnMn)p +
N−1∑
q=1
(O lnMq)p, (D.145)
with
lnMn = K/2− g −
∑
m
ω˙nmg
m, lnMp = K/2 − g +
∑
n
(qpn − ω˙pn)gn + qpXVX , (D.146)
where q = m = 1, 2, 3; a with qmn = 2δ
m
n , q
m
X = 0 for the moduli, and a denotes the gauge-charged
matter fields.
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As mentioned above, the terms quadratic and higher in weights are modified if use instead the PV
sector of Appendix D.3. They are also modified if ℓp 6= 0; a natural choice might be
ℓP = K − g. (D.147)
D.5 Orbifold models
Here we list the quantum numbers needed to evaluate the anomaly coefficients for three orbifold
compactification models for which all the modular weights and gauge charges are known. These are
Z7 and Z3 models with no string threshold corrections: b
a,r
n = ωCn = 0, so the conditions (D.102)
and (D.121) reduce to (5.12). One can check that these are satisfied33 from the tables given below,
where we group the chiral multiplets according to their representation (rep) under the semi-simple
part of the gauge group, and their modular weights qn, and give the multiplicity (ns) of each set
with fixed quantum numbers, as well as the total multiplicity n for each set: N =
∑
n. For the two
Z3 models the superfields T
i¯ are the Ka¨hler moduli of which only the diagonal elements T i = T i¯ı
are assumed to have nonvanishing vacuum values. In all the tables S is the dilaton superfield, and
the indices i, j = 1, 2, 3. The first two models were studied at the string level in [14]. They have
no Wilson lines and no anomalous U(1) so they have
8π2b = CGS = 30, δX = C
′
GS = 0, (D.148)
and all chiral multiplets are E8 singlets. For the third (FIQS) model,
34 which is a Z3 orbifold model
with Wilson lines, we also list the U(1)X charges qX .
Z3: The gauge group is E8 ⊗E6 ⊗ SU(3) with NG = 334.
name rep qn ns n/3
U i (27,3) δin 1 81
T (27,1) 23 27 243
Y i (1,3¯) 23 + δ
i
n 27 81
T i¯ (1,1) δin + δ
j
n 1 3
S (1,1) 0 1 13
33They are also satisfied for Ta ∈ U(1)a for the nonanomalous U(1) factors whose charges are not listed. The fields
in a given set are not degenerate under under these U(1)’s.
34See the last reference in [30].
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From the table we have
N = 1225,
∑
p
qpn = 816, (D.149)
and ∑
p
qpnq
p
m = 542 + 168δmn, (D.150)∑
p
qpnq
p
mq
p
l = 396 + 56 (δmn + δnl + δlm) + 168δmnδnl. (D.151)
Z7: The gauge group is E8 ⊗E6 ⊗ U(1)2 with NG = 328.
name rep qn ns n/3
U i1 27 δ
i
n 1 27
U i2 1 δ
i
n 1 1
ti 27 qin 7 189
Y i1 1 q
i
n + δ
i
n 7 7
Y i2 1 q
i
n + 2δ
i
n 7 7
Y i3 1 q
i
n + 4δ
i
n 7 7
Y i4 1 q
i
n + δ
M i
n 7 7
Y i5 1 q
i
n + δ
mi
n 7 7
Y i6 1 q
i
n + 2δ
M i
n 7 7
Y i7 1 q
i
n + 2δ
i
n + δ
M i
n 7 7
Y i8 1 q
i
n + δ
i
n − δm
i
n 7 7
T i 1 2δin 1 1
S 1 0 1 13
where35
q1n =
(
6
7
,
5
7
,
3
7
)
, q2n =
(
3
7
,
6
7
,
5
7
)
, q3n =
(
5
7
,
3
7
,
6
7
)
, (D.152)
and
M i = i+ 1 mod 3, mi = i− 1 mod 3. (D.153)
We have
N = 823,
∑
p
qpn = 618, (D.154)
35These are respectively ρ1, ρ4, ρ2 of [14].
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and ∑
p
qpnq
p
m = 438 + 342δmn, (D.155)∑
p
qpnq
p
mq
p
l = 291 + 1425δmnδnl + 279∆
+
nml + 191∆
−
nml, (D.156)
where
∆+ijk = δij
(
δ1i δ
2
k + δ
2
i δ
3
k + δ
3
i δ
1
k
)
+ cyclic(ijk),
∆−ijk = δij
(
δ2i δ
1
k + δ
3
i δ
2
k + δ
1
i δ
3
k
)
+ cyclic(ijk). (D.157)
The FIQS model: The gauge group is SO(10)⊗SU(3)⊗SU(2)⊗ [U(1)]7 ⊗U(1)X and NG = 64.
name rep
√
6qX qn ns n/3
Qi (1,3,2) 0 δin 1 6
ui (1,3¯,1) 0 δin 1 3
Li (1,1,2) 0 δin 1 2
Φ (16,1,1) 32 δ
i
n 1 16
D (1,3,1) 23
2
3 12 12
d (1,3¯,1) 23
2
3 15 15
L1 (1,1,2)
2
3
2
3 33 22
L2 (1,1,2) −43 23 3 2
T1 (1,1,1)
2
3
2
3 114 38
T2 (1,1,1) −43 23 30 10
Y i (1,1,1) 23
2
3 + δ
i
n 9 9
T i¯ (1,1,1) 0 δin + δ
j
n 1 3
S (1,1,1) 0 0 1 13
We have
N = 415,
∑
p
qpn = 258, (D.158)
and ∑
p
qpnq
p
m = 158 + 42δmn,
∑
p
(qpX)
2 = 50,
∑
p
qpnq
p
X = 21
√
6, (D.159)∑
p
qpnq
p
mq
p
X =
√
6 (12 + 5δmn) ,
∑
p
(qpX)
2qpn = 28,
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∑
p
qpnq
p
mq
p
l = 108 + 8 (δmn + δnl + δlm) + 42δmnδnl. (D.160)
E Construction of the GS Term
In this appendix we detail the steps in the construction of the GS term. As in Appendix C, the
notation Φ| will denote the bosonic part of the lowest component φ of the superfield Φ.
E.1 Anomaly superfields
Part of the anomaly can be expressed in term of supersymmetric field operators of the form36
L(T, T ′,H) =
1
2
∫
d4θ
E
R
TαT ′αH(Z) + h.c.
=
√
g
2
H(z) DαT ′βDαT β
∣∣∣+ h.c.+ fermions
=
√
g
(
2ReHT0T
′
0 +ReHT
′
µνT
µν + ImHT˜ ′µνT
µν
)
+ fermions, (E.1)
where H(Z) is a holomorphic function of the chiral fields, with Tα defined by (2.12) and [3]:
T0 =
1
2
DαTα| = −Dm¯Ti
(
e−KA¯iAm¯ +DµziDµz¯m¯
)
+ x−1DaTi(T az)i,
Tµν =
[(DµziDν z¯m¯ −DνziDµz¯m¯)Dm¯ − iF aµν(Taz)i]Ti. (E.2)
In particular we have contributions with Tα = Xα and X
m
α ; X
m
α is defined in (4.39). In addition
we have the supersymmetric operators
L(YM,H) =
1
2
∫
d4θ
E
R
H(Z)Wαa W
a
α + h.c.
=
√
g
2
H(Z)DαW aβDαW βa
∣∣∣+ h.c.+ fermions
= −√g
[
ReH
(
Fµνa F
a
µν −
2
x2
DaDa
)
+ ImHFa · F˜ a
]
+ fermions. (E.3)
and (Xµν = Kµν)
L(W,H) =
1
2
∫
d4θ
E
R
H(Z)WαβγWαβγ + h.c.
36The sign on the RHS of (A12) in I is incorrect. As a consequece the signs of the Lα terms should be flipped
in (A7) and in the expressions for L˜0 and L˜G in (2.11). The coefficient of Lα in (2.11) should be −1/18, and the
coefficient of XαXα in (A8) should be +1/6.
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=√
g
2
H(Z)DαWβγδDαW βγδ
∣∣∣+ h.c.+ fermions
=
√
g
8
[
ReH
(
rµνρσrµνρσ − 2rµνrµν + 1
3
r2
)
+ ImHr · r˜
]
+
√
g
12
(
ReHXµνX
µν + ImHX˜µνX
µν
)
+ fermions. (E.4)
For the full cancellation of the anomalies we will also need the operators introduced in Section 4.1,
equations (4.40) and (4.41). The “D-term” combination Ωm defined in (C.72) can be written
Ωm = −
(
1
4
D¯2D2 lnM+ [D2,Dβ˙ ] lnMDβ˙ lnM− D¯2 lnMDα lnMDα lnM+ h.c.
)
+
3
2
D2 lnMD¯2 lnM− 1
2
{Dα,Dβ˙} lnM{Dα,Dβ˙} lnM+ 2Dα lnMDβ˙ lnM[Dα,Dβ˙ ] lnM
+
(
4RDα lnMDα lnM− 2RD2 lnM− 4Dα lnMDαR+D2R+ h.c.
)
−8RR¯+ 2Gαβ˙
(
2Dα lnMDβ˙ lnM− [Dα,Dβ˙] lnM+Gαβ˙
)
= −ΩL − 2ΩLX − 8RR¯+D2R+ D¯2R¯+ 2Gαβ˙Gαβ˙ + lnM
(
1
2
DαLα + 2 lnMDαXα
)
− ∂
∂ lnM
[
1
4
(
D2 lnMDβ˙ lnMDβ˙ lnM+ h.c.
)
− 2Gαβ˙Dα lnMDβ˙ lnM
+
(
lnM
{
1
8
D¯2D2 lnM+Dα(RDα lnM)
}
+ h.c.
)
+
1
2
Dα lnMDα lnMDβ˙ lnMDβ˙ lnM
]
≡ −ΩL − 2ΩLX − 8RR¯+D2R+ D¯2R¯+ 2Gαβ˙Gαβ˙ −
∂
∂ lnMf(lnM). (E.5)
The result (E.5) is determined only up to a linear supermultiplet L0
(D¯2 − 8R)L0 = (D2 − 8R¯)L0 = 0. (E.6)
which does not contribute to the variation of the action, and the argument of the lnM derivative
is determined up to a total spinorial derivative. The real superfields
ΩL = L
αDα lnM+Dβ˙(lnMLβ˙) = Lβ˙Dβ˙ lnM+Dα(lnMLα), (E.7)
ΩLX = X
αDα lnM+Dβ˙(lnMX β˙) = Xβ˙Dβ˙ lnM+Dα(lnMXα) (E.8)
are the Chern-Simons superfields [40], respectively, for the chiral superfields
ΦL = L
αLα, ΦLX = X
αLα, Lα = (D¯2 − 8R)Dα lnM, (E.9)
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as discussed in the next subsection. If we define Ω′m by
1
48
Ωm +
1
36
ΩXm =
1
48
Ω′m +
1
36
ΩX , Ω
′
m = Ωm +
3
4
ΩL + 2ΩLX , (E.10)
the mixed term ΩLX drops out and we obtain
Ω′m = −
1
4
ΩL − 8RR¯+ 2Gαβ˙Gαβ˙ +D2R+ D¯2R¯
− ∂
∂ lnM
[
1
4
(
D2 lnMDβ˙ lnMDβ˙ lnM+ h.c.
)
− 2Gαβ˙Dα lnMDβ˙ lnM
+
(
lnM
{
1
8
D¯2D2 lnM+Dα(RDα lnM)
}
+ h.c.
)
+
1
2
Dα lnMDα lnMDβ˙ lnMDβ˙ lnM
−(lnM)2
(
1
4
DαLα + lnMDαXα
)]
. (E.11)
The first five terms on the right hand side of (E.11) are invariant under modular and U(1)X
transformations and have the correct chiral and Weyl weights for some part of them be included
in the chiral projection of the modified linear superfield L; for example the second and third terms
complete the PV contribution to the anomalous coefficent of ΩGB. The remainder may require
additional counterterms for anomaly cancellation. Defining Ωr by
Ω′m = −
1
4
ΩL − 8RR¯+ 2Gαβ˙Gαβ˙ +Ωr +D2R+ D¯2R¯, (E.12)
it is the coefficient of
δ lnM2 = 2δ lnM = 2 (δH + δH¯) , Dβ˙H = DαH¯ = 0, (E.13)
under an infinitesimal modular and/or U(1)X transformation on the corresponding part
Lr = − 1
8π2
1
48
ℓr = − 1
8π2
1
48
∫
d4θETrη
∫
2d lnMΩr(lnM) (E.14)
of the Lagrangian. Under a finite transformation
∆ lnM = H + H¯, (E.15)
we have37
∆ℓr = 2
∫
d4θETrη
{(
1
2
DαLα + 2DαXα
)[
HH¯ + 2
(
H + H¯
)
lnM]
37The integrated anomaly for pure supergravity was given in ref. [41].
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−1
4
(
D2HDβ˙H¯Dβ˙H¯ + 2D2HDβ˙H¯Dβ˙ lnM+D2 lnMDβ˙ ln H¯Dβ˙H¯ + h.c.
)
−1
4
(
D2HDβ˙ lnMDβ˙ lnM+ 2D2 lnMDβ˙H¯Dβ˙ lnM+ h.c.
)
+Gαβ˙
(
DαHDβ˙H¯ +DαHDβ˙ lnM+Dα lnMDβ˙H¯
)
−
(
{H + lnM}
{
1
8
D2D¯2H¯ +Dα(RDαH)
}
+ h.c.
)
−
(
H
{
1
8
D2D¯2 lnM+Dα(RDα lnM)
}
+ h.c.
)
−1
2
DαHDαHDβ˙H¯Dβ˙H¯ −DαHDαHDβ˙H¯Dβ˙ lnM
−DαHDα lnMDβ˙H¯Dβ˙H¯ − 2DαHDα lnMDβ˙H¯Dβ˙ lnM
−1
2
DαHDαHDβ˙ lnMDβ˙ lnM−
1
2
Dα lnMDα lnMDβ˙H¯Dβ˙H¯
−DαHDα lnMDβ˙ lnMDβ˙ lnM−Dα lnMDα lnMDβ˙H¯Dβ˙ lnM
}
. (E.16)
Note that since DαLα,DαXα are linear supermultiplets subject to the condition (E.6), it is obvious
that the constant lnµ in the expression (D.122) for lnM drops out of (E.16).
E.2 Chern-Simons superfields
We wish to impose the modified linearity condition
(D¯2 − 8R)(L+Ω) = (D2 − 8R¯)(L+Ω) = 0, (E.17)
where Ω is a superfield with U(1)K chiral weight wχ(Ω) = 0 and Weyl weight wW (Ω) = 2 such
that
L(Ω) =
√
g
32π2
∫
d4θEΩ, Ω = eK/3Ω0, (E.18)
is invariant under superweyl transformations. For example, the standard case has Ω = ΩYM . In
this case the Lagrangian (E.18) reads in component form
L(ΩYM ) = −
√
g
32π2
Fµνa F
a
µν + · · · = −
√
g0
32π2
Fµνa F
a
µν + · · · , (E.19)
where we dropped fermions and auxiliary fields; these have nontrivial transformations under the
superweyl transformation [5]. Girardi and Grimm [22] constructed an explicit expression for the
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Yang-Mills CS superfield in terms of prepotential superfields ϕα, ϕ¯
β˙ , defined as the (ordinary) spino-
rial derivatives of a hermetian superfield U (called Υ in the notation of [22]) such that the (covariant)
chiral(anti-chiral) projection of ϕ(ϕ¯) is the chiral(anti-chiral) Yang-Mills superfield strength:
ϕα = −U−1DαU, ϕ¯β˙ = Dβ˙UU−1, (D¯2 − 8R)ϕα = −8Wα, (D2 − 8R¯)ϕ¯β˙ = 8W β˙. (E.20)
The CS superfield is constructed from these prepotentials and their covariant spinorial derivatives:
ΩYM = −1
8
Tr (ϕαWα)− i
32
Dβ˙
(
χβ˙ + σβ˙
)
,
χβ˙ =
i
2
Tr
[
Yβ˙DαYα + 2Y αDαϕ¯β˙
]
,
σβ˙ = Tr
(∫ 1
0
dtYt
[
Y α, Yαβ˙
]
+
i
2
∫ 1
0
dtYt
[
DαYα, Yβ˙
])
,
YA = DAUU−1, Yt = ∂tU(t)U−1(t), (E.21)
and the interpolating superfield U(t) is defined to satisfy:
U(0) = 1, U(1) = U. (E.22)
The above construction is quite general. In particular we can take U to be a real function
U(Z, Z¯, VX) of the chiral superfields and the U(1)X vector superfield. The above construction
with
U → UK = e−K/8 (E.23)
is the CS form ΩX for X
αXα. Similarly,
U → Um =M (E.24)
gives the CS form ΩL for L
αLα. For these Abelian cases, the integration is trivial, giving, up to a
linear superfield, the expression (E.7) for ΩL, and an analogous expression with lnM→ −18K for
ΩX .
The CS forms ΩX and ΩL are explicitly dependent on the dilaton through the presence of the
Ka¨hler potential K and therefore do not satisfy the condition (4.15). In the remainder of this
section we show that the linear/chiral multiplet duality outlined in (4.8)–(4.18) of Section 4.1 still
holds.
The action is
S = −
∫
E
[
3− 2Ls(L) + (S + S¯)(L+Ω)] , K = k(L) +G(T + T¯ ,Φ), (E.25)
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with
Ω = eK/3Ω0, S = (D¯2 − 8R)Σ, (E.26)
and L,Σ unconstrained. To assure a canonical Einstein term in the chiral formulation we require
2Ls(L)− L(S + S¯) = 0. (E.27)
First consider the standard case:
∂
∂L
Ω0 =
∂
∂S
Ω0 = 0. (E.28)
The equation of motion for Σ gives
1
E
δS
δΣ
= −(D¯2 − 8R)(L+Ω) = 0, (E.29)
which is just the modified linearity condition for L and which implies∫
ES(L+Ω) + h.c. = 0, (E.30)
so the action (E.25) reduces to
S = −
∫
E [3− 2Ls(L)] . (E.31)
On the other hand the equation of motion for L is
1
E
δS
δL
= 2s(L) + 2Ls′(L)− S − S¯ + ∂K
∂L
−1
3
∂K
∂L
[
2Ls(L)− (S + S¯)L]
= 2Ls′(L) +K ′(L) = 0, (E.32)
where the last line, which assures a canonical Einstein term in the linear formulation, was obtained
using (E.27). Integrating this using (E.27) gives
S + S¯ = 2s(L) = −
∫
dL
L
∂K
∂L
. (E.33)
So for example if K = lnL, S + S¯ = 1/L. Using (E.27), the action expressed in terms of S reduces
to
S = −
∫
E
[
3 + (S + S¯)Ω
]
. (E.34)
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To cancel the anomaly we can add a constant of integration V = V (Z), Z 6= S,L to the right hand
side of (E.33):
S + S¯ = 2s(L) = −
∫
dL
L
∂K
∂L
+ V. (E.35)
Or, equivalently, we can add a term
−
∫
ELV (E.36)
to the action (E.25).
Now consider instead the case Ω0 = Ω0(σ), σ = S + S¯. Although the superfield σ is no longer
simply a Lagrange multiplier, it is still a nonpropagating field that can be removed by its equation
of motion. In this case Ω still drops out of the equation of motion for L, leaving (E.27) and
(E.32)–(E.34) unchanged. However the equation of motion for Σ now reads
1
E
δS
δΣ
= −(D¯2 − 8R)
[
L+Ω+ (S + S¯)
∂
∂S
Ω
]
= 0, (E.37)
which gives a different modified linearity condition for L and the action (E.25) gets an extra term
S = −
∫
E
[
3− 2Ls(L) + (S + S¯)
(
S
∂
∂S
Ω+ h.c.
)]
. (E.38)
When we calculate the component Lagrangian, after inserting the operator (D¯2−8R) and integrat-
ing by parts and neglecting the Einstein term −3 ∫ E, we obtain
S ∋ −1
8
∫
E
R
[
s(L)(D¯2 − 8R)L− S(S + S¯)(D¯2 − 8R) ∂
∂S
Ω
]
+ h.c.
=
1
8
∫
E
R
[
s(L)(D¯2 − 8R)Ω + {s(L)− S}(S + S¯)(D¯2 − 8R) ∂
∂σ
Ω
]
+ h.c.. (E.39)
Using (E.33) the last term cancels out and the first term is just the counterpart of the second term
in (E.34) in the linear formulation.
Finally if we take Ω0 = Ω0(L), the equation of motion for Σ just gives (E.29)–(E.31). but using
(E.27) the equation of motion for L gives
1
E
δS
δL
= 2Ls′(L) + k′(L)− 2s(L)eK/3 ∂Ω0
∂L
= 0, (E.40)
so now we get a different differential equation for s(L) but we still get the same action.
F Notations and conventions
In this Appendix we summarize our notation and conventions.
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F.1 Sign conventions
Our Dirac matrices and space-time metric signature (+ − −−) are those of Bjorken and Drell or
Itzykson and Zuber. We use upper case notation (R,Γ) for derivatives of the Ka¨her metric Kim¯, and
lower case (r, γ) for derivatives of the space-time metric gµν . Our sign conventions for, respectively,
the Riemann tensor, Ricci tensor, and curvature scalar are
rµνρσ = g
µλrλνρσ = ∂σΓ
µ
νρ − ∂ρΓµνσ + ΓµστΓτνρ − ΓµρτΓτνσ, rµν = rρµρν , r = gµνrµν . (F.1)
The general coordinate covariant derivative is defined by
∇µAν = ∂µAν − γρµνAρ, etc. (F.2)
We use identical definitions for the Ka¨hler curvature and scalar field reparameterization derivatives
with
gµν → Kim¯ = Km¯i, γ → Γ, r → R, ∇µ → Di,Dm¯. (F.3)
We use the Yang-Mills sign conventions of [4] and [42]:
Dµφb = ∇µφb + iAaµ(Ta)bcφc, (F.4)
Dµφ¯b¯ = ∇µφ¯b¯ − iAaµ(Ta)b¯c¯φ¯c¯, (Ta)b¯c¯ = (T ∗a )bc = (Ta)cb. (F.5)
Note that Dµ is used for general coordinate and Yang-Mills covariant derivatives, while Dµ is fully
covariant. Thus for a fermion ψ, Dµψ includes the spin, Yang-Mills, Ka¨hler and reparameterization
(as well as the affine connection for the graviton ψµ), and for a function of scalar fields z
i, z¯m¯,
Dµf(z, z¯) = DµziDif(z, z¯) +Dµzm¯Dm¯f(z, z¯), (F.6)
with repeated indices summed.
F.2 Supergravity conventions
We work in Ka¨hler U(1) superspace [5]. The tree level Lagrangian we are working with is defined
by the Ka¨hler potential K, superpotential W and gauge kinetic function fab given in (2.1). A
generic chiral superfield is denoted by Zi:
Zi = S, T,Φ = (zi, χi, F i), (F.7)
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with components
zi = Zi
∣∣ , χiα = 1√
2
DαZi
∣∣ , F i = −1
4
DαDαZi
∣∣ ≡ −1
4
D2Zi∣∣ , (F.8)
where Z| denotes the lowest component, and the antichiral superfields are
Z¯m¯ = (Zm)† = (z¯m¯, χ¯m¯, F¯ m¯). (F.9)
We also use the notation
Zp = T i,Φa = (zp, χp, F p), i = 1, 2, 3, (F.10)
for the moduli
T i = (ti, χt
i
, F t
i
) (F.11)
and the gauge charged chiral multiplets
Φa = (φa, χa, F a). (F.12)
The dilaton chiral supermultiplet decomposes as
S = (s, χs, F s), s = x+ iy. (F.13)
The Yang-Mills superfield strengths are
W aα = (λ
a
α, F
a
µν ,D
a), (F.14)
and the supergravity supermultiplet includes the vierbein eαµ , the gravitino ψµ and the auxiliary
fields Gαβ˙ , R, R¯. Solution of the tree level equations of motion determine the auxiliary fields as
F i
∣∣ = −e−K/2Ai = −eK/2Kim¯ (W¯m¯ +Km¯W¯ ) , Da| = 1
x
Da = 1
x
Ki(T
az)i, (F.15)
R| = 1
2
M = e−K/2A = eK/2W (z) =
(
R¯
∣∣)† , Gαβ˙∣∣∣ = 0, (F.16)
where here (and throughout the text) the notation O(Ψ)| denotes the bosonic component of the
functional O of the superfields Ψ, that is, the θ = θ¯ = 0 component with all fermions set to zero.
Our definition of M is such that the vacuum value 〈M〉 is the gravitino mass; it differs by a factor
−1/3 from that of [5]. The covariant derivatives
Ai1···in = Di1 · · ·DinA (F.17)
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of the modular covariant operator
A = eKW, A→ eF¯A, Ai → eF¯Ai, etc. (F.18)
are defined in (2.5). Note that for the Ka¨hler potential and superpotential W we use the conven-
tional notation for ordinary derivatives
Ki1···in = ∂i1 · · · ∂inK, Wi1···in = ∂i1 · · · ∂inW. (F.19)
F.3 PV superfields
To regulate the superpotential couplings we introduce modular covariant PV fields
Z˙P = T˙ I , Φ˙A (F.20)
that transform like dZp under gauge and modular transformations. To make the Ka¨hler potential
for these fields modular invariant and their superpotential modular covariant, we need to introduce
three additional fields Z˙N , N = 1, 2, 3, and we also use the notation
Z˙ρ = Z˙N , Z˙P . (F.21)
These fields acquire mass through invariant couplings to the PV superfields
Y˙ρ = Y˙N , Y˙P , (F.22)
where Y˙P transforms like Kpq¯dZ¯
q¯ under YM transformations. These have no other superpotential
couplings; their divergent contributions to field strength terms are canceled by the PV fields,
introduced in Appendix D.1,
ΨC = UA, UA, V
A,ΦN ,Φn, N, n = 1, 2, 3, (F.23)
where ΦN,n are gauge singlets, and UA, UA, V
A form a real (reducible) representation of the gauge
group such that (3.25) is satisfied. Their masses not invariant under U(1)X and modular transfor-
mations; they reflect chiral matter contributions to the anomaly.
To regulate all the nonrenormalizable terms in the superpotential and YM couplings, we also need
fields Z˜P ; they acquire invariant masses through coupling to Y˜P . These transform, respectively,
like dZp and Kpq¯dZ¯
q¯ under YM and modular transformations.
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To regulate the renormalizable Yang-Mills couplings we introduce chiral PV fields ŶP that transform
likeKpq¯dZ¯
q¯ under YM and modular transformations, and acquire invariant masses through coupling
to chiral superfields ẐP that transform like Z˙P . We also need chiral superfields ϕa, ϕˆa, ϕ˜a in the
adjoint representation of the YM gauge group. The fields ϕa, ϕˆa, regulate gauge couplings to matter
and to the gravity sector, respectively, and couple to one another in an invariant mass term; ϕ˜a has
no couplings to light matter and its noninvariant mass term reflects the gaugino/gauge contribution
to the modular anomaly.
To regulate nonrenormalizable dilaton/YM couplings we introduce chiral superfields φS , that ac-
quire invariant masses through superpotential couplings to chiral fields φS , and chiral superfields θs
and Abelian vector superfields Vs that acquire invariant masses through a superhiggs mechanism.
Finally, to regulated additional nonrenormalizable gravity couplings we need chiral superfields φC ,
with noninvariant masses that reflect the gravity sector contribution to the modular anomaly, and
chiral superfields θ0 and Abelian vector superfields V0 that acquire invariant masses through a
superhiggs mechanism.
Unless otherwise specified, ΦC denotes any chiral PV superfield with PV signature
ηC = ±1. (F.24)
F.4 The covariant derivative expansion
Here we collect the operators [17] that appear in the covariant derivative expansion used in the
evaluation of the variation of the action. If F (x) is a scalar field operator, we define
Fˆ =
∞∑
n=0
(−i)n
n!
(
D · ∂
∂p
)n
F (x), D · ∂
∂p
F (x) ≡ [Dµ, F (x)] ∂
∂pµ
. (F.25)
In addition we define
Gµ =
∞∑
n=0
n+ 1
(n+ 2)!
(
−iD · ∂
∂p
)n
Gνµ ∂
∂pν
, Gνµ = [Dµ,Dν ]. (F.26)
The full formal expansions of the following space-time curvature-dependent operators
T µν = gµν − 1
3
rµρσν
∂2
∂pρ∂pσ
+
i
6
∇τrµρσν ∂
3
∂pρ∂pσ∂pτ
+O
(
∂4
∂p4
)
, (F.27)
Pµνγν = P
µ = γµ − 1
6
rµρσνγν
∂2
∂pρ∂pσ
+O
(
∂3
∂p3
)
, (F.28)
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δµ =
i
9
(∇µrρν −∇νrρµ) ∂
2
∂pρ∂pν
+O
(
∂3
∂p3
)
, (F.29)
X = −r
3
+
i
3
∇µr ∂
∂pµ
+O
(
∂2
∂p2
)
, (F.30)
are given38 in Appendix A of [35].
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